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ABSTRACT. In this research study, we present concept of intuitionis- 
tic neutrosophic graph structures. We introduce the certain operations on 
intuitionistic neutrosophic graph structures and elaborate them with suit- 
able examples. Further, we investigate some remarkable properties of these 
operators. Moreover, we discuss a highly worthwhile real-life application of 
intuitionistic neutrosophic graph structures in decision-making. Lastly, we 
elaborate general procedure of our application by designing an algorithm. 
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1. INTRODUCTION 


Graphical models are extensively useful tools for solving combinatorial prob- 
lems of different fields including optimization, algebra, computer science, topology 
and operations research etc. Fuzzy graphical models are comparatively more close to 
nature, because in nature vagueness and ambiguity occurs. There are many complex 
phenomena and processes in science and technology having incomplete information. 
To deal such cases we needed a theory different from classical mathematics. Graph 
structures as generalized simple graphs are widely used for study of edge colored 
and edge signed graphs, also helpful and copiously used for studying large domains 
of computer science. Initially in 1965, Zadeh [29] proposed the notion of fuzzy 
sets to handle uncertainty in a lot of real applications. Fuzzy set theory is finding 
large number of applications in real time systems, where information inherent in 
systems has various levels of precision. Afterwards, Turksen [26] proposed the idea 
of interval-valued fuzzy set. But in various systems, there are membership and non- 
membership values, membership value is in favor of an event and non-membership 
value is against of that event. Atanassov [8] proposed the notion of intuitionistic 
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fuzzy set in 1986. The intuitionistic fuzzy sets are more practical and applicable in 
real-life situations. Intuitionistic fuzzy set deal with incomplete information, that 
is, degree of membership function, non-membership function but not indeterminate 
and inconsistent information that exists definitely in many systems, including belief 
system, decision-support systems etc. In 1998, Smarandache [24] proposed another 
notion of imprecise data named as neutrosophic sets. “Neutrosophic set is a part 
of neutrosophy which studies the origin, nature and scope of neutralities, as well 
as their interactions with different ideational spectra”. Neutrosophic set is recently 
proposed powerful formal framework. For convenient usage of neutrosophic sets in 
real-life situations, Wang et al. [27] proposed single-valued neutrosophic set as a gen- 
eralization of intuitionistic fuzzy set[8]. A neutrosophic set has three independent 
components having values in unit interval [0, 1]. On the other hand, Bhowmik and 
Pal [10, 11] introduced the notions of intuitionistic neutrosophic sets and relations. 
Kauffman [16] defined fuzzy graph on the basis of Zadeh’s fuzzy relations [30]. Rosen- 
feld [21] investigated fuzzy analogue of various graph-theoretic ideas in 1975. Later 
on, Bhattacharya gave some remarks on fuzzy graph in 1987. Bhutani and Rosenfeld 
discussed M-strong fuzzy graphs with their properties in [12]. In 2011, Dinesh and 
Ramakrishnan [15] put forward fuzzy graph structures and investigated its prop- 
erties. In 2016, Akram and Akmal [1] proposed the notion of bipolar fuzzy graph 
structures. Broumi et al. [13] portrayed single-valued neutrosophic graphs. Akram 
and Shahzadi [2] introduced the notion of neutrosophic soft graphs with applications. 
Akram and Shahzadi [4] highlighted some flaws in the definitions of Broumi et al. 
[13] and Shah-Hussain [22]. Akram et al. [5] also introduced the single-valued neu- 
trosophic hypergraphs. Representation of graphs using intuitionistic neutrosophic 
soft sets was discussed in [3]. In this paper, we present concept of intuitionistic 
neutrosophic graph structures. We introduce the certain operations on intuitionistic 
neutrosophic graph structures and elaborate them with suitable examples. Further, 
we investigate some remarkable properties of these operators. Moreover, we discuss 
a highly worthwhile real-life application of intuitionistic neutrosophic graph struc- 
tures in decision-making. Lastly, we elaborate general procedure of our application 
by designing an algorithm. 

We have used standard definitions and terminologies in this paper. For other no- 
tations, terminologies and applications not mentioned in the paper, the readers are 
referred to [3,6, 7, 9, 13, 14, 17, 18, 20, 22, 23, 25, 28, 30]. 


2. INTUITIONISTIC NEUTROSOPHIC GRAPH STRUCTURES 


Definition 2.1. ((23]). Let G: = (P, Pi, Po,...,P,») and Gz = (P’, Pi, Pl,..., P!) 


be two GSs, Cartesian product of G; and Gj is defined as: 
Gi xGreP er Ff XP x Bid *P), 
where P; x Py = { (kil) (kal) | le P’, kiko € P,} U { (kl) (kl2) | ke p, lyle E Pi}, 
h= (Uy 2522057) 
Definition 2.2. ([23]). Let Gi = (P, Pi, Po,..., Pn) and Gz = (P’, Pi, Pj,..., Ph) 
be two GSs, cross product of G; and G2 is defined as: 
G. + Go = (P* P’,P, * Pi, Po* P,...,P.*P), 
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where P), * P; = {(kil,) (kala) | ky ke € Ph, Iylg € Pi}, h= (1, 2,. é .,T). 
Definition 2.3. (([23]). Let Gi = (P, Pi, P2,...,P,) and Gz = (P’, Pi, Pj,..., Pf) 
be two GSs, lexicographic product of G, and Gz is defined as: 
G, eG) =(PeP’,P,e Pi, Poe P5,...,P,¢P.), 

where P,eP! = {(kl,) (kl2) | k E a ee Iylo E Pi }UL{ (e111) (kale) | kiko E Pr, lil E Pt 
he (V2 ys0sgt): 
Definition 2.4. ((23]). Let Gi = (P, Pi, Po,...,P,) and Gy = (P’, Pi, P3,..., Pr) 
be two GSs, strong product of G, and Go is defined as: 

G, RG, = (PR PP Pye BPP), 
where Py xl Pi = { (kyl) (kel) | le P’, ky ke € P,,} U {(kl,) (kl2) | ke Pilyle E P/} U 
{(kyl1) (kala) | ky ko Sc Py, Iylg = Pi}, he (1, 2,. ‘ gf) 
Definition 2.5. ([23]). Let G1 = (P, Pi, P2,...,P,) and Gz = (P’, Pi, P3,..., Ph) 
be two GSs, composition of G; and G2 is defined as: 

Gi 0G2 =(PoP', Pio Pi, Pho Pi,...,P; P.), 

bernie ae = {(k,l)(kol) | 1 © P’, kykg © Py} U {(kl,) (Kl ar lye Pi} U 
{(ky 11) (kal2) | ky kg € Py, 11, 12 € P’ such that ly # Io}, h= (1,2 
Definition 2.6. ([23]). Let Gy = (P, Pi, Po,...,P,) and Gz = oo verge) 
be two GSs, union of G, and Gz is defined as: 

G, UG, =(PUP',P,UP{,P,UP,...,P.U FP’). 
Definition 2.7. ([23]). Let Gi = (P, Pi, P2,...,P,) and Gy = (P’, Pi, Pj,..., Pr) 
be two GSs, join of G, and G» is defined as: 

Gi+Go=(P+P,Pi+Pi,R+P,...,P+P), 


where P+ P’= PUP’, Pp + Pi, = Pp UP, UP)! for h = (1,2,...,7r). Py’ consists 
of all those edges which join the vertices of P and P’. 








Definition 2.8. ([19]). Let V be a fixed set. A generalized intuitionistic fuzzy set I 
of V is an object having the form [={(v, r(v), vr(v))|v € V}, where the functions 

1: V — [0,1] and vz : V — [0,1] define the degree of membership and degree of 
nonmembership of an element v € V, respectively, such that 


min{pr(v),vr(v)} < 0.5, for all u EV. 
This condition is called the generalized intuitionistic condition. 


Definition 2.9. ([10, 11]). A set I = {T7(v), Ir(v), Fr(v) : v € V} is said to be an 
intuitionistic neutrosophic (IN)set, if 

(i) {Tr(v) A Ir(v)} $0.5, {Ir(v) A Fr(v)} $0.5, {Fr(v) ATr(w)} < 0.5, 

(ii) O < Tr(v) + Ir(v) + Fr(v) < 2. 


Definition 2.10. An intuitionistic neutrosophic graph is a pair G = (A, B) with 
underlying set V, where T4, F4, I4 : V — [0,1] denote the truth, falsity and 
indeterminacy membership values of the vertices in V and Tg, Fg, Jp: ECVxV 
— [0,1] denote the truth, falsity and indeterminacy membership values of the edges 
kl € E such that 
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(i) Ta(kl) < Ta(k) ATa(l), Fe(kl) < Fa(k)V Fal), Ip(kl) < Ia(k) A La()), 
(ii) Tp(kl) mx Ip(kl) < 0.5, Tp(kl) A Fp(kl) < 0.5, Ip(kl) A Fp(lk) < 0.5, 
(iii) 0 < Tp(kl) + Fp(kl) + Ip(kl) <2, Vk,leEV. 


Definition 2.11. G; = (O,O1,O2,...,O,) is said to be an intuitionistic neutro- 
sophic graph structure(INGS) of graph structure G = (P,P;, P2,...,P,), if O = 
<k,T(k), 1(k), F(k) > and Op, = < kl, Tp (kl), I,(kl), Fp, (kl) > are the intuitionistic 
neutrosophic(IN) sets on the sets P and P;,, respectively such that 

(i) Th(kKl) < T(R)AT(D, In(kI) <T(k)AT(l),  Fy(kl) < F(R) V F(D), 

(ii) T, (kl) A I, (kl) < 0.5, T), (kl) A F,, (kl) < 0.5, I, (kl) A Fy, (kl) < 0.5, 

(iii) O < Th(Kl) + In(kl) + Fy(kl) <2, for all kl € On, h€ {1,2,...,r}, 
where, O and O), are underlying vertex and h-edge sets of INGS Gj, h € 1, Dyceagt be 


Example 2.12. An intuitionistic neutrosophic graph structure is represented in 
Fig. 1. 


ko (0.2, 0.5, 0.4) 
ks (0.6, 0.4, 0.5) 





h 
"008, 9 , 05(02,01,08) 9.99 
8.3) ye 


FicurE 1. An intuitionistic neutrosophic graph structure 


Now we define the operations on INGSs. 
Definition 2.13. Let Ga = (01, O11, O12,..., Oir) and Gi = (O2, O21, O22,..., Qar) 
be INGSs of GSs Gy = (P,, Pir, Pia,.--, Pir) and Go = (P2, P21, Po2,..., Par), re- 


spectively. ; ; 
Cartesian product of Gj, and G2, denoted by 
Gua x Gio = (O1 x O2, O11 x O21, O12 x O22, . : ., O1, x Oar), 


is defined as: 


TO, x02) (Kl) = (To, x To2) (kl) = To, (k) A To, (1) 
(i) ¢ L(o,x02) (Kl) = Uo, x To, ) (kl) = ay A Io. (1) 
Fo, x02) (Kl) = (Fo, x Fo,)(k = 01 (k) V Fo, (1) 


for all kl € P, x Po, 
T(O1p x Onn) (Kl1) (Kl) = (Ton x Tx», )(kl1) (kl) = To, (k) A TOs, (1,12) 
(ii) L(Oyn x Oop) (Kl) (Al2) = (Jou, x Toa, )(kli)(kl2) _ To, (k) A Toon (I, 12) 
F (Oy, x Oop) (Rl) (Kl) = (Fou x Fo, (kl) (kl2) — Fo, (k) Vv Foon (1112) 


for allk € Py , iyle € Pon, 
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T(Oyn,xOon) (Kil) (Kal) = (Toy, X Tos, ) (ki!) (he 

Git) 2 Ton ony (iil) al) = (oxy X Loan) al) (Fl 
Fou, x Oop) (kal )(q2l) = 

for all 1 € P» ; kiko € Pip. 


l) > To, (1) A Tox, (kik2) 
) = Io, (1) A Loa, (ki k2) 
(Poe, x Fo,, (kil) (kal) = Fo, (1) Vv Fos, (kik2) 


Example 2.14. Consider Git = (O1, O11, O12) and Gio = (Og, O21, O22) are two 
INGSs of GSs Gy = (Pi, Pii, Pig) and G2 = (P2, P21, P22) respectively, as represented 
in Fig. 2 where Puy = {kiko}, Pig = {kska}, Po = {lle}, Po = {lals}. 






1, (0.2, 0.2, 0.3 13(0.5, 0.4, 0.5 
ky (0.5, 0.2, 0.6) k3(0.4, 0.3, 0.4) 1( ) 3(0.5, 0.4, 0.5) 
+ 
2 
O12(0.4, 0.3, 0.6) a 
O11(0.5, 0.2, 0.8) a 
a 
jo) 
kq(0.5, 0.3, 0.6) k2(0.5, 0.3, 0.8) 12(0.3, 0.3, 0.4) 
Gat = (01, O11, O12) Giz = (O2, O21, O22) 


FIGURE 2. Two INGSs Git and Gio 


Cartesian product of Git and Gio defined as Git x Gio = {O; x Oo, O11 x O21, O12 x 
O22} is represented in Fig. 3. 


k1lo(0.3,0.2,0.6) — kal2(0.3, 0.3, 0.8) 






O11 x O21 (0.2, 0.2, 0.8) O11 x O21 (0.5, 0.2, 0.8) 
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k3l2(0.3,0.2,0.4)  kala(0.3, 0.3, 0.6) 











O12 x O22(0.2, 0.2, 0.6) O12 x O22(0.4, 0.3, 0.6) 
FIGURE 3. Gi x Gi2 


Theorem 2.15. Cartesian product Gi, xGi2 = (O1 x Oz, O11 X O21, O12 X O22,..., O1r X 
O2,) of two INGSs of GSs Gy and G2 is an INGS of Gy x Go. 
Proof. We consider two cases: 

Case 1: For k € Py, lylg © Pon 


T(OinxOon) (Ala) (Kl2)) = Tos (k) A Toon (Lila 
< To, (k) A [To (li) A To, (l2)] 
= |To, (k) A To, (11)| A [To (&) A To, (f2)] 
= To, x02) (kl) A Tio, x02) (Kia), 


T(O4n xOon) (Kila) (Kl2)) = Lo, (&) A Loan (lila) 
< Io, (k) A (Lo, (hi) A Io, (2) 
= [Io,(k) A Lo. (ti) A Hox (k) A Lo, (2)] 
= I(0, x02) (kli) A To, x02) (il), 


F (Oy, xOon) ((Kl1) (Kl2)) = Fo, (k) V Fos, (hla) 
< Fo, (k) V [Fo, (l1) V Fo, (I2)] 
= [Fo, (k) V Fo, (41)] V [Fo, (k) V Fo, (2)] 
= Fo, x02) (kl) V Fo, x02) (Ala), 

for Kili; kly € Py X Py. 
Case 2: For k € Po, lila € Pin 

T(O1nx Orn) (lik) (lak) = To. (k) A Toy), (lila) 
< To, (k) A [To, (li) A To, (/2)] 
= [To, (k) A To, (t1)] A [To2(&) A To, (l2)] 
= Tio, x02) (lik) A Tio, x02) (lak), 
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T(O4n xOon) (Uk) (lak)) = Ton (k) A Loy, (lila) 
< Io, (k) A (Lo, (i) A Lo, (l2)) 
= [Io (k) A Io, (li)] A Lon (k) A Lo, (la) 
= [(0, x02) (ik) A T(o, x02) (I2k), 


F(OinxOon) (1k) (2k) = Fo. (k) V Fo,, (hlz) 
< Fo, (k) V [Fo, (1) V Fo, (/2)] 
= |[Fo,(k) V Fo, (41)] V [Fo. (k) V Fo, (I2)] 
= Flo, x02) (ik) V F(o, xo) (lak), 


for I, k, lok € P, x Po. 
Both cases exists Vh € {1,2,...,r}. This completes the proof. oO 





Definition 2.16. Let Gi: = (O1, O11, O12, .-., Qir) and Gig = (O2, O21, O22, -.-, Qar) 
be INGSs of GSs Gy = (Pip Pity Piayes<P ie) and Ge = (P2, Poi, Poa,..., Por), re- 


spectively. Cross product of Gj; and G2, denoted by 
Gia * Gig = (O1 * Oo, O11 * O21, O12 * O22,..-, O1r * Ory), 


is defined as: 


T(0,*02) (Kl) = (To, * To, )(kl )= To, (k) A To, (1 ) 
(i) I(0,*02) (kl) = (Io, * To. )(k I= ay A To. (1 ) 
F(0, +02) (kl) = (Fo, * Fo. )(k a 01 (k ) V Fo, (I) 


for all kl (= Py x Py, 

O1n*Oon) (Aili) (k2l2) = (Torn * Too, ) (kita) (hela) = Toy, (kik2) A Too, (ila) 
O1n*Oon) (Aili) (k2l2) = oy, * Loa, )(Rili) (kala) = Loy, (kik2) A Loe, (ile) 
O1n*O2n) (Kili) (Kala) = (Foy, * Foo, )(kili) (kal) = Foy, (kik2) V Fos, (lila) 
for all kyko € Pypn , lo © Pon. 


(ii) 





Qos 


Example 2.17. Cross product of INGSs Gj; and Gj2 shown in Fig. 2 is defined as 
Git * Gig = {O1 * On, O11 * O21, O12 * O22} and is represented in Fig. 4. 


kal, (0.2, 0.2, 0.8) kals(0.5, 0.3, 0.6) kala (0.4, 0.3, 0.5) kgl2(0.3, 0.3, 0.8) 

















e e 
k113(0.5, 0.2, 0.6) kali (0.2, 0.2, 0.6) 


kalg(0.5,0.3,0.8) kala (0.2, 0.2, 0.4) 


e e 
ky12(0.3, 0.2, 0.6) k3l2(0.3, 0.3, 0.4) kalz(0.3, 0.3, 0.6) 





111 (0.2, 0.2, 0.6) 


FIGURE 4. Gj * Gio 


Theorem 2.18. Cross product Gi1*Gi2 = (O1*O2, O11*O021, O19*O22,... , O1,*O2,-) 
of two INGSs of GSs Gy and Gz is an INGS of Gy * Go. 
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Proof. For all kyl, kale E P, ok Py 


T(044,*O2n) ((Ail1)(kel2)) = Toy, (kik2) A Tos, (lilz) 
< |To, (ki) A To, (k2)] A [To, (t1) A To, (l2)) 
= [To, (k1) A To, (t1)] A [To, (k2) A To, (l2)] 
= T0102) (Kila) A T(04%02) (kel2), 


T(Oyn*O2n) (Kili) (Kale) = Lo, (Rika) A To, hil2) 
S [Io, (k1) A Io, (k2)] A os (1) A Lo, (l2)] 
= [Io, (k1) A To. (11) A Lo, (k2) A Loz (l2)] 
= (0,02) (Kila) A [(0,%02) (kal2), 


FO yn*Oon) (Kilt) (Kala) = Foy, (kik2) V Fog, (lila) 
< [Fo, (k1) V Fo, (k2)] V [Fo. (li) V Fo, (I2)| 
= [Fo, (k1) V Fo, (l1)] V [Fo, (k2) V Fo, (l2)] 
= F(0,+02) (Kilt) V F(o,+02) (kal2), 





for h € {1,2,...,r}. This completes the proof. oO 


Definition 2.19. Let Gia = (Oi, O11, O12, we O17) and Gio = (Og, O21, O22, wy Oop) 
be INGSs of GSs Gy = (Pi, Pir, Pia, .+ +5 Pir) and Go = (P2, P21, Po2,..., Par), re- 


spectively. Lexicographic product of Gj, and Gia, denoted by 
Giz @ Gig = (O1 © Oz, O11 @ O21, O12 @ O22,..., O1r @ Ory), 


is defined as: 


T(0,002) (kl) = (To, # To, )(kl) = To, (k) A To. (0) 
(i) I(0, 002) (kl) = Uo, - Io,)(k I= ay Io, (1 ) 
F(0,002) (kl) = (Fo, @ Fo, )(k H- 01 (k ) V Fo, (I) 


for all kl € Py x Py 

O1n®O2,) (Kl1) (Ala) — (Toy, ° Too, )(kli) (Kia) = To, (k) KT Opi, (lila) 

(ii) T(0,,e02n) (Kl1) (Kila) = oun * Loan )(Kli) (kl2) = Io, (k) A loa, (lila) 
Or1neOan) (Alt) (Ala) = (Foy, © Fs, )(Kil1) (kl2) = Fo, (k) V Fo, (lila) 

for all k € P, 5 Iylo E Pop, 

O1nOoy,) (Kili) (Kola) = (Torn @ Toon )(Kili) (Kola) = Toy, (kik2) A Tos, (lil2) 
O1neOon) (Aili) (k2l2) = lo, © Lo, )(Rili) (kala) = Loy, (kik2) A Lo. (ila) 
O1neOan) (Kili) (Kal) = (Foy, © Fos, )(kili) (kal) = Foy, (kik2) V Fos, (lila) 
for all kjko € Pypn , lo € Pop. 


La 


zy 


(iii) 





yo 


Example 2.20. Lexicographic product of INGSs Ga and Gio shown in Fig. 2 is 
defined as Gi e Gi2 = {O; e Oz, Oi e On, Oi2 e O22} and is represented in Fig. 5. 
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kaly (0.2, 0.2, 0.6) kali (0.2, 0.2, 0.8) kal (0.5, 0.3, 0.8) 
2) 





O11 © O21 (0.2, 0.2, 0.6) 





aX (8:0 '%'0'%'0) Oe HE 





7] 
kal (0.3, 0.3, 0.8) 
O12 © O22(0.3, 0.2, 0.6) 


ky13 (0.5, 0.2, 0.6) 





kilz (0.3, 0.2, 0.6) 















O11 @ O21 (0.2, 0.2, 0.6) 


kal; (0.2, 0.2, 0.6) kgl2(0.3, 0.2, 0.6) 





a6) Fal2(0.3, 0.3, 0.6) 


($0 8:0 ‘€'0)%%O ez) 
(9°0 ‘€°0 €'0)%0 @ Z19 





aC) 


k3ls (0.2, 0.2, 0.4) kglg (0.4, 0.3, 0.5) ‘413 (0.5, 0.3, 0.6) 


FIGURE 5. Gy e Gio 


Theorem 2.21. Lexicographic product GieGi = (Oy eOnd, O11¢O21, Oy2eO22,..., O1;¢ 
Oo,) of two INGSs of the GSs G, and Gg is an INGS of Gi eG. 


Proof. We consider two cases: 
Case 1: For k € Py, lily € Pon 
T(0yneO2n) ((Kil1) (Kl2)) = To, (k) A Too, (lala) 
< To, (k) A [Toz (l1) A To, (T2)| 
= [To,(k) A To (l1)] A (Lo. (k) A Toy (l2)] 
= T(0,002)(kl1) A T(0, 002) (kl2), 


T(0,n009;) ((kl1) (Kl2)) = Lo, (k) A Log, (lil) 
< Io, (k) A Tos (li) A Lo. (l2)] 
= [Io, (k) A Loa (li)] A Yo, (k) A Loz (I2)] 
= 10,003) (Kli) A [(0, 003) (Kila), 


7 Ae 


F(0y,009;) ((Kl1) (kl2)) = Fo, (k) V Foo, (ila) 
< Fo, (k) V [Fos (1) V Fo, (l2)] 
= [Fo, (k) V Fo, (l1)] V [Fo, (k) V Fo, (12) 
= F(o,002) (kl) V F(o1002) (kl2), 
for bly ky e Pie By. 
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Case 2: For kiko € Pin, ile € Pan 


T(O,nOrn) (Kilt) (K2l2)) = Toy, (kik) A Tos, (lila) 
< [To, (ki) A To, (ka)] A (To. (t1) A Tos (l2)] 
= |To, (k1) A Tos (t1)] A [Tox (k2) A Tos (l2)] 
= T(0,002) (Kili) A T(0, 002) (kal2), 


T(O4n ean) ((Kila) (kal2)) = Tou, (ki k2) A Lon, (lila) 

[Io, (k1) A To, (k2)] A os (la) A Lo, (12) 
= [To, (ki) A To. (l1)] A Yo, (2) A Lo, (12) 
T(0,002) (Kili) A (0,002) (kal2), 


IA 


I 


F(O,ne02»,) (Aili) (kala)) = Foy, (kik2) V Fos, (lala) 
< [Fo, (k1) V Fo, (k2)] V [Fos (hi) V Fo, (/2)| 
= |Fo, (k1) V Fo, (l1)] V [Fo, (ka) V Fo, (l2)] 
= F(0,002) (Kili) V F(0, 002) (kala), 


for kyl1, kalo € Pye Po. 
Both cases hold for h € {1,2,...,r}. This completes the proof. 














Definition 2.22. Let Git = (Oi, O11, O12,..., O1,) and Gio = (Og, O21, O22,..-, Oo,) 
be INGSs of GSs Gy = (Pi, Pu, Piz,.-., Pir) and Gg = (Pe, Poi, Poo,..., Por), re- 
spectively. Strong product of Gj, and Gj2, denoted by 

Gir B Giz = (O; B Oo, O11 B O21, O12 BW On2,..., O1r K Orr), 
is defined as: 


T(o, 80) (kl) = (To, & To,) (kl) = To, (k) A To, (I) 
(i) 4 L(o,m02) (kl) = Zo, & Io, ) (kl) = on (F) A Io, (1) 
F(0,80.2) (kl) = (Fo, & Fo, )(kl = 01 (k) V Fo, (1) 


for all kl E Py x Py, 
O1nWO2,) (Ali) (Kl2) = (Toy, & To, ) (Ali) (Kl2) = To, (k) A Toon (lila) 
(ii) 4 L(O1,BO2,) (Rl) (Ala) = oy, & Lon, )(kl1) (Kl2) = Lo, (k) A Tog, (lila) 
O1nBO2n) (Ala) (Ala) = (Poy, x Fo., )(kli)(kl2) = Fo,(k ) V Fos, (Iil2) 
for allk € P, ; Iyle € Pop, 
O1n8O2n) (Ail) (Kal) = (Toy, & To.) (kil) (kal) = To, (1) A To,, (Aika) 
(iii) T(0,,O2,) (kil) (kal) = oun x Tosn (kil) (kel) = To, (1) A Ioan, (ki ka) 
O1,802n) (Kil) (Kal) = (For, & Foo, (ki!) (kat) = Foo (1) V Foo, (ik) 
for all 1 € Py ; kyko € Pin, 
T (04,802) (Ril1) (Kala) = (Tor, & Toa, (kilt) (Kala) = To, (kik2) A Too, (life) 
(Orn802,) (Ail) (Kala) = (Lo., B Loo, (ili) (kala) = Loy, (Rt k2) A Toa, (lila) 
F(0y,2O2n) (Kila) (kale) = (Foy, & Fos, ) (kala) (kala) = Foy, (ktk2) V Fog, (lila) 
for all kiko € Pin ; Iylg € Pop. 


La 


zy 


cee 


z= 


— 


(iv) 





Example 2.23. Strong product of INGSs Git and Gio shown in Fig. 2 is defined 
as Gi xX Gi2 = {O; Xx Op, Oi xX O21, Oi2 xX Oo2} and is represented in Fig. 6. 
10 
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2) 
kyl, (0.2,0.2,0.6) O11 & O21 (0.2, 0.2, 0.6) Ra ky12(0.3, 0.2, 0.6) QS” k2/3(0.5, 0.3, 0.8) 
9 


O11 & O21 (0.2, 0.2, 0.8) 
O11 & Oo; (0.3, 0.2, 0.8 


S° O11 B O21 (0.5, 0.2, 0.8) 


kali (0.2, 0.2,0.8) O11 & Oz1(0.2, 0.2, 0.8) kgl2(0.3, 0.3, 0.8) kil3(0.5, 0.2, 0.6) 





8) 
kal (0.2, 0.2,0.6) — k3l2(0.3,0.3,0.4) > O12 1. O29(0.3,0.3,0.5),2 — k3l3(0.4, 0.3, 0.5) 
aS S 


O12 & Oo9(0.2, 0.2, 0.6) 
O12 & O22(0.3, 0.3, 0.6 


8° O12 BH O29(0.4, 0.3, 0.6) 


kal (0.2, 0.2, 0.4) kalg (0.5, 0.3, 0.6) 


FIGURE 6. Ga xX Gi 


Theorem 2.24. Strong product Ga RIGi2 = (O; XO2, OW O21, O12WO22, rary O;,X 
Oo,) of two INGSs of the GSs G, and Gz is an INGS of G, KX Go. 
Proof. There are three cases: 

Case 1: For k € Py, lila € Pon 


T(0,,802,) (Ala) (kl2)) = Tos (k) A Toon (Lile) 
< To, (k) A [To, (li) A To, (l2)] 
= [To, (k) A To, (t1)] A [To, (&) A To, (l2)] 
= T(0; 802) (kli) A Tio, m0.) (kl2), 


T(0y,@O2n) ((Kl1) (Kl2)) = Lo, (k) A Log, (ila) 
< Io, (k) A (To, (hi) A Io, (l2)) 
= [Io, (k) A Io. (l1)] A Yo, (k) A Lo, (12) 
= (0,02) (kl) A L(0, 802) (Kl2), 
11 
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F (01,02) ((Kl1) (kl2)) = Fo, (k) V Fos, (ila) 
< Fo, (k) V [Fo (l1) V Fo, (J2)] 
= |Fo, (k) V Fo, (h1)] V [Fo, (k) V Fo, (l2)] 
= Fo,mo.) (kl) V Fo, 02) (kl2), 

for kl, kla © P, Pp. 
Case 2: For k € Po, lila € Pin 

T (0482p) (C11) (lak)) = To. (k) A Toy, (lila) 
< To, (k) A [To, (li) A To, (/2)] 
= [To,(k) A To, (t1)] A [Fo. (k) A To, (!2)] 
= Tio, 02) (lik) A Tio, 80.) (12k), 


T(04,8O2,,) (lik) (lak)) = Log (k) A Loy, (ila) 
< Io, (k) A (Io, (11) A Io, (I2)] 
= [Io,(k) A Lo, (1) A To. (k) A Lo, (l2)] 
= [(0, 802) (11k) A Lo, 8802) (12k), 
F(04,BO2) (1k) (l2k)) = Fo, (k) V Foy, (lilz) 
< Fo,(k) V [Fo, (1) V Fo, (I2)] 
= [Fo,(k) V Fo, ()] V [Fo. (k) V Fo, (2)] 
= Fo, mo.) (ik) V F(o, m0) (lek), 
for Ik, lok © P, @ Pp. 
Case 3: For every kik € Pip, lle € Pon 
T (01,802) (Aili) (Kal2)) = Toy, (kik2) A Tos, (lila) 
< [To, (1) A To, (k2)] A [To2 (1) A To, (l2)] 
= [To, (ki) A To, (l1)] A [To, (2) A To, (12) 
= T(0; M02) (Kili) A Tio, 02) (kel), 
(04, 8O2n) (Kili) (k2l2)) = Loy, (ike) A Lon, (lila) 
< [Io, (ki) A To, (k2)] A Lo. (ti) A Loz (I2)] 


) 
= [To, (k1) A To, (li)] A Yo, (k2) A Lo, (l2)] 
= I(0, 02) (kil1) A [(0, 90.) (k2l2), 





F(0,,802,) (Kila) (Kal2)) = Foy, (kik2) V Fos, (lil2) 
< [Fo, (k1) V Fo, (k2)] V [Fo.(l1) V Fo, (12)] 
= [Fo, (k1) V Fo, (l1)] V [Fo, (k2) V Fo, (12) 


= Fo, mo.) (kilt) V Fo, m0.) (kel2), 
for kyl, kole EP, Xx! Po, and h= fae Fae 
This completes the proof. 


12 














Muhammad Akram et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 1-27 


Definition 2.25. Let Git = (O1, Ou, Orx2, sang O1,) and Gio = (Og, On, O22, seey O2,) 
be INGSs of GSs Gy = (Pi, Pay Pia, ++, Pir) and Go = (P2, P21, Po2,..., Par), re- 
spectively. The composition of Gi; and Giz, denoted by 


Git ° Gig = (O; © Oz, O11 © O21, O12 0 On2,..., O1r © O2r), 


is defined as: 


T(01002) (kl) = (To, 2 To, )(kl) = = To, (k) A TO. (1) 
(i) 4 L(o1002) (Kl) = Uo, ° Lo.) (kl) = on () A Io, (1) 
F(0,002) (Kl) = (Fo, © Fo, )(k = 01 (k) V Fo, (I) 


for all kl € Py x Py, 
T(0.n002n) (Kl1) (Ala) — (lon, ° Too, )(Rli) (kl2) = To, (k) A TOs», (lil2) 
iid: Toco HN) = Coy, 61,, dl) Sto, 0) A to, Ca) 
F (01,002, (kl (kl2) = (Fou, ce Fo,,)(kli) (kl2) = fo, (k) V Fo, (lila) 
for allk € Py , Iylg © Pon, 
T(01,002n) (kil) (kel) = (Tix o TO.) ) (Kil) (kel) = To, (1) A Torn, (kik2) 
(iii) L(0yn002n) (kil) (kel) = loin 2 To., (kil) (kel) = Io, (J) N Ioan (kik) 
F (04,002) (ki!) (kal) = (Fou, 2 Fo,,,) (kil) (kal) = Fo, (J) V Foo, (kik) 
for all l € Py ‘ ky ko € Pin, 
T(0yn002n) (Kilt) (kala) = (Toy, © Too, )(kili) (kala) = Toy, (kt k2) A To. (li) A To. (l2) 
(iv) 4 L(OrncOan) (Fila) (Kala) = Lorn, ° Loan) (Rili) (kala) = Toy, (kik2) A To2(h) A Loz (2) 


F(Oyn 002) (Kila) (Kal) = (For, © Foo, (kits) (kal) = Fo, (Aik2) V Fos (li) V Fo. (lz) 
for all kyko € Pip, ‘ lylg € Pop such that 1, # ly. 


Example 2.26. The composition of INGSs Gj; and Giz shown in Fig. 2 is defined 
as: 


Gia ° Gi2 = {O1 ie) Oz, O11 0 O21, O12 0 O22} 


and is represented in Fig. 7. 


kil (0.2, 0.2, 0.6) k112(0.3, 0.2, 0.6) k113(0.5, 0.2, 0.6) 
O11 0 O21 (0.2,0.2,0.6) S\ O12 0 O22(0.3, 0.2, e 6) 9 $) 






O11 © O21(0.2, 0.2, 0.8) 








O11 © O21 (0.2, 0.2,0.8) “eg, O12 © O22(0.3, 0.3, 0. 4 ~2y, 


kali (0.2, 0.2, 0.8) kal2(0.3, 0.3, 0.8) kgl3 (0.5, 0.3, 0.8) 
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kali (0.2, 0.2, 0.6) kgl2(0.3, 0.3, 0.4) kal (0.5, 0.3, 0.6) 


O12 0 O22(0.2, 0.2, 0.6) 









a>) O12 © O22(0.3, 0.3, 28, Sy 
by 











° 
ro) 
Bice os 
206 


O12 © O22(0.4, 0.3, 0.6) 


O12 0 O22(P 


rx B, 0.3, 0.6) 
je) 
S 
° 
° 
% 


O12 © O22(0.2, 0.2, 0.6) 





O12 0 O22(0.2, 0.2, 0.6) 76 Oi 0 O23(0.3,05,0. S y, 


kegl1 (0.2, 0.2, 0.4) k4lo(0.3, 0.3, 0.6) k313(0.4, 0.3, 0.5) 


FIGURE 7. Gj 0° Gio 


Theorem 2.27. The composition Gi10Gi2 = (O1 002, O11 00a, O1200g2,...,O0170 
Oo,) of two INGSs of GSs G, and G2 is an INGS of Gy 0 Go. 
Proof. We consider three cases: 


Case 1: For k € Py, ile € Pop, 


T(04n00on) (Ali) (Kl2)) = To, (k) A Tog, (il) 
< To, (k) A [To (li) A To, (l2)| 
= |To, (k) A To. (h1)] A [To, (&) A To. (12) 
= T(0,002) (kl) A T0100.) (Kl2); 


St 


T(04,002n) (Cla) (Al2)) = Lo, () A Log, (lila) 
< To, (k) A Yoo (li) A Lo. (12)] 
= [To,(k) A Loa (li)] A Hor (&) A Lo, (/2)] 
= I(0,002)(Kl1) A L(01002) (Kl), 


F Oy, 002n) ((Kl1) (Kl2)) = Fo, (k) V Foon (lila) 
< Fo, (k) V [Fo. (li) V Fo, (12)] 
= [Fo, (k) V Fo. (l1)] V [Fo. (k) V Fo, (12) 
= F(0,002)(kl1) V F(o,002) (Kila), 


for kl,, kl E Py o Pp. 
Case 2: For k € Po, lylg € Pip 


T(O1n002n) (lik) (l2k)) = To, (k) A Toy, (ila) 
< To, (k) A [To, (1) A To, (l2)] 
= [To, (k) A To, (l1)] A (To. (k) A To, (l2)] 
= T(01002) (1k) A T(0,002) (I2k), 
14 
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T(04, 002) (ik) (lak)) = Ton (k) A Loy, (ila) 
< Io, (k) A (Lo, (1) A To, (l2)] 
= [Io,(k) A Io, (li) A os (k) A Lo, (I2)] 
= 10,002) (lik) A L(01 002) (2k), 


F(Oy, 002) (ik) (lak)) = Fo, (k) V Fou, (lila) 
< Fo, (k) V [Fo, (1) V Fo, (I2)] 
= [Fo,(k) V Fo, (li)] V [Fo. (k) V Fo, (12) 
= F(0,00,) (lak) V F(o,00,) (lak), 


Rs RS, 


hibihbke Pros 
Case 3: For kyko € Pypn,l1, lo € P2 such that 1, F lo 
T(01,002,) (Aili) (kal2)) = Toy, (kik2) A Tos (t1) A To, (12) 
< [To, (k1) A To, (k2)] A Tos (ti) A To, (2) 
= |To, (k1) A Tos (t1)] A [To, (k2) A Tos (l2)] 
= T(0,002) (kilt) A Tio, 002) (Kal2), 


i | 


To,,, (kik2) A Io, (li) A Lo, (la) 

Lo, (k1) A Lo, (k2)) A Yo. (li) A Lo, (I2)] 
= [To, (ki) A To. (li)] A Yo, (k2) A Lo, (12) 
(0,002) (kil) A (0,002) (k2l2), 


L(01,002n) ((kil1)(k2l2)) 


IA 


F (04,002) (Kili) (Kala)) = Foy, (kik2) V Fo. (ti) V Fo, (l2) 
< |[Fo, (k1) V Fo, (k2)] V [Fos (hi) V Fo, (/2)| 
= [Fo, (1) V Fo, (t1)] V [Fo, (k2) V Fo, (l2)] 
= F(0,002) (Kila) V Fo, 00) (kal2), 


for kyl, kglg € Py o Po. 
All cases holds for h = 1,2,...,r. This completes the proof. 














Definition 2.28. Let Git = (Oi, Ou, Or2, sang O1,) and Gio = (Og, On, O22, oaey Oo,) 
be INGSs of GSs Gy = (P,, Pir, Pi2,..., Pir) and Go = (P2, P21, Poo,..., Par), re- 
spectively. The union of Gi and Gia, denoted by 

Gia U Gig = (O1 U O2, O11 U O21, O12 U On2,..., O1p U Orr), 
is defined as: 


T(o,u02)(k) = (To, U To, )(k) = To, (k) V To. (k) 
(i) 4 L(o1uo02)(k) = Uo, U Lo, )(k) = on (F) V Io. (k) 
2 ee 01 (k ) A Fo, (k ) 


for all k € Pi UP), 

O4,UO2p,) (KL) = (Tom U TO, ) (kl) = Torn, (kl) Vv TOon (kl) 
(ii) T(0,nUO2n) (Al) = (ou, U Too, (kl) _ To:), (kl) Vv Toon (kl) 
O4,UO2,) (Kl) 7 (Fes, U Fou, ) (Kl) = Foy, (kl) A Foo, (kl) 
for all kl € Pip U Pop. 


me 





cs 
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Example 2.29. The union of two INGSs Gi, and G2 shown in Fig. 2 is defined as 
Gi1 U Gig = {O1 U O2, O11 U O21, O12 U O22} 


and is represented in Fig. 8. 


k1(0.5, 0.2, 0.6) ka(0.5,0.3, 0.6) 





5, 0.2,0.8) 





Oj2 U O22(0.3, 0.3, 0.5) 
12(0.3, 0.3, 0.4) 


O11 U Ooi (0.2, 0.2, 0.4) 
1, (0.2, 0.2, 0.3) 


13(0.5, 0.4, 0.5) 





O11 U O21 


‘ 
k2(0.5, 0.3, 0.8) k3(0.4, 0.3, 0.4) 


FIGURE 8. Ga U Gi2 


Theorem 2.30. The union Git UGi2 = = (Oy UO2, O1,U021, O12UO22,..., O1,UO2,-) 
of two INGSs of the GSs G, and G2 is an INGS of G1 UG». 
Proof. Let kykg € Pyyz U Poy. There are two cases: 


Case 1: For ky, k2 € Pi, by definition 2.28, To, (k1) = To, (k2) = To,, (kik2) = 
0, To, (k1) = Io, (ka) = ion (kik2) = 0, Fo, (k1) = Fo, (ka) — Fo», (kik2) — 


1. Thus, 
T(01,UO2,) (Kik2) = Toy, (kik2) V Too, (kik2) 
= To,, (kik) V0 
< |[To, (ki) A To, (k2)] V 
= [To, (ki) V 0] A oan V 0 
= [To, (k1) V To, (k1)] A [Lo, (k2) V To, (k2)] 


= T(0,U02) (ki) X T(0,U02) (kz), 


kik) V oa 
kik2) V 


T(04,UO2n) (ki k2) = Loyn ( 
ie 
[I earn 
= [Io, (ki) V 0] A [Zo, (2) V 0] 
= [To, (ki) V Lo. (k1)] A Yo, (k2) V Loz (k2)| 
= I(0,u02)(k1) A [(0,u02) (k2); 
16 
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F(04,U02,) (kik2) = Foy, (kik2) A Salil 
= Fo,,(kikz) A 

< [F en 

= [Fo, (ki) AL V cere 

= [Fo, (ki) \ Fo, (k1)] V [Fo, (ka) A Fo (ka) 

= F(0,u02)(k1) V F(o,u02) (ka), 


for ki, ko € Py U Po. 
Case 2: For ky, kz € P2, by definition 2.28, To, (ki) = To, (k2) = To,, (kik2) = 
0, To, (k1) = To, (kz) = Toy, (kik2) = 0, Fo, (k1) = Fo, (q2) = Foy, (kik2) = 
1, so 
T(O1,UOon) (ki k2) = To,, (kik2) V ae 
= Tos; (kik2) V 
< [To, (ki) A a V0 
= |To, (ki) V 0] A [To, (k2) V 0} 
= [To, (ki) V To, (k1)| A [To, (ke) V To, (k2)] 
= T(o,u02) (k1) A T(0,U02) (k2); 


T(0y,UO2n)(Q1k2) = Lo1, (ki k2) V ore 
ae 2) V 
se A Io, ai V0 
02(k1) V 0] A [Lo, (k2) V 0] 
01 (k1) V Lo, (k1)] A (Lo, (k2) V Lo, (k2)] 


eee A (0,02) (k2), 


F(Oy,UO2n) (ki k2) = Foun (kik2) A Foon (kik2) 
(kiko) Al 
< [Fo, (k1) V Fo, (k2)| A 
= [Fo, (ki) A 1] V oa Al] 
= [Fo, (k1) A Fo, (k1)] V [Fo, (ka) A Fo, (ka) 
= F(o,u02)(k1) V Fo, uo.) (ka); 


IA 


= Fo., 


for kj, kg € Pi UP». 
Both cases hold Vh € {1,2,...,r}. This completes the proof. 














Theorem 2.31. Let G = (Pi U Po, Pir U Poi, Pig U Pog,..., Pip U Po,) be the union 
of two GSs Gi = (P,, Pir, Pra, . Pir) and Gy = = (Pz, P21, Poo,... oa , Pr,). Then every 
INGS G; = (O,O1, O2,...,O,) of G is union of the two INGSs Gi, and Giz of GSs 
G1 and Go, respectively. 
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Proof. Firstly, we define O1,O2, Oi; and Oz, for h € {1,2,...,r} as: 

To, (k) = To(k), Io, (k) = Io(k), Fo, (k) = Fo(k), ifk © Py, 

To, (k) = To(k), Io, (k) = Io(k), Fo, (k) = Fo(k), if k € Po, 

To,, (kik2) = To, (kik2), Lo, (kik) = Lo, (kik2), Fo,, (kik) = Fo, (kike2), 
if kyko € Pin, 

TO., (Kika) = To, (kik2), Loon (kik2) = Io, (kik2), Fos, (kik2) = Fo, (kik), 
if kykg € Pop. 
Then O = O; U Og and On = Oin U Onn, h € 41, 2 test hs 

Now for kyjkg € Pin, b= 1,2, h =1,2,...,7, 

Toy, (kik2) = To, (kik2) < To(ki) A To(k2) = To, (k1) A To, (ka), 

Toy» (kik) = To, (kik2) < Loki) A Lo(k2) = Lo, (Fi) A Lo, (ka), 
2 For, (kik) = Fo, (ki k2) < Fo(k1) V Fo(k2) = Fo, (k1) V Fo, (ke), Le 
Gi = (Or, On, Or, --- ae , Orr) is an INGS of Gi, |= 1,2. 
Thus G; = (O,O1, Oz,...,O,), an INGS of G = G1 U Gz, is the union of the two 
INGSs Git and Gio. | 





Definition 2.32. Let Git = (O1, Ou, Oj2, «. es ,O1r) and Gio = = (Oo, On1, O22, iran Oo,) 
be INGSs of GSs Gy = (Pi, Pit, Pie, de ., Pir) and Go = = (P2, P21, Poo, ots ., Por), re- 
spectively and let Pi N P2 = @. Join oe Gi, and Gia, denoted by 


Gia + Giz = (O1 + O2, O11 + O21, O12 + Or2,...,O1r + Orr), 


is defined as: 


T(01,+02)(k) = T(0,u02) (k) 
(i) 4 L(o1402)(k) = [(0,u02)(*) 
F(0,+02)(k) = F(0,U02) (k) 
for all k € P, U Py, 
LO -Oxx (kl) = T(01,UO2,) (Kl) 
(i) 4 Loy +Oan) (AL) = L001, 002) (A!) 


FG,40s;, (kl) = F(Oy,U02,) (Kl) 
for all kl € Py, U Pop, 


TOnOa), (kl) = (Toy, + Too, (k l)= = To, (k) A“ To, (I ) 
(iii) L(01n+02n) (RI) = (ox, oF Ton, (k I= on (F) A To, (t ) 
Pi Oat O25 (kl) = (Fo., + Fo, )(k De 01 (k ) V Fo, (1) 
for allk € P, ,1 © Py. 











Example 2.33. The join of two INGSs Gi and Gj2 shown in Fig. 2 is defined as 
Gi + Gig = {O1 + O2, O11 + Oo1, O12 + O22} and is represented in the Fig. 9. 


Theorem 2.34. The join Gi +Gi2 = = (O1 +02, O11, +021, O12 +O22,..., O1,+O2,) 
of two INGSs of GSs G, and Go is INGS of Gy + Go. 


Proof. Let kyk2 € Pi, + Poy. There are three cases: 


Case 1: For ky, kg € Py, by definition 2.52, To, (kx) = To. (ko) = Toon (ki ke) = 
0, Io. (ki) = To, (k2) = Io, (kik2) = 0, Fo, (ki) = Fo, (ke) = Fos, (kike) = 
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12(0.3, 0.3, 0.4) 


13(0.5, 0.4, 0.5) 
(€:0'%'0‘%'0) 








k2(0.5, 0.3, 0.8) keg (0.4, 0.3, 0.4) 


FIGURE 9. Gy + Gio 


1, so, 


Trorn+Oan) (BiB) = tel Foye 
(Ka 


< [To, ay, \ To, (k2)] V 

= [To, (k1) V 0) A [To, i" V 0] 

= [To, (k1) V To. (k1)] A [Tos (k2) V To. (k2)] 
= T(0, +02) (k1) A Tio, +02) (ka), 


—_~ 


(Oy, +0on) (kik2) = Loy, (kik2) V Se (kik) 
Orn (Rika) V 
ky) \ Io, | v0 
ky) V 0] A Io, (k2) V 0] 
1 (1) V Io2(k1)] A Lo, (k2) V Lo. (k2)] 
= I(0,+0,)(k1) A (0, +02) (k2), 


~~ 1h 


IA 


tt 
= (Lo, ( 
=o 


F(Oin +Oan) (kik2) = Foy, (kik2) A oe (kik2) 
= Fo,, (kik2) A 

< [Fo, (ki) V ae 

= [Fo, (ki) AL V [Fo, iS A 1| 

= [Fo, (ki) A Fo, (k1)] V [Fo, (k2) A Fos (ka) 

= F(0, +0.) (k1) V Fro, +02) (ka), 


for ky, ko € Pi + Po. 
19 


Muhammad Akram et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 1-27 


Case 2: For ky, kg € Po, by definition oe, To, (kx) = To, (ko) = Top, (ki ke) = 
0, Io, (ki) = To, (ke) = Toy, (kik) = 0, Fo, (ki) = Fo, (ke) = Foy, (kik2) = 


1, so 
T(Oyn+Oon) (Rik) = To; (kik2) V Tos; (kik2) 
= To,, (kike) V0 
< [To,(k1) A To, (k2)] V0 
= [To,(k1) V 0) A [To, (k2) V 0] 
= [To, (k1) V To, (k1)] A (Lo, (k2) V To, (k2)) 


= T(0,4+02)(k1) A Tio, 4.02) (ka); 


T(01n+02n) a) 


; 
ee O] A ve 
01 (ki) V Loz (k1)] A Yo, (k2) V Loz (ka) 
ae A I(0, 402) (k2); 


kike) A i (ki ke) 
kike) A 


F(Oyn+Oan) (ki k2) = Fon ( 

= Fox, ( 

< [Fo, (ki) V 
= [Fo, (ki) A 

= [Fo, (ki) A 

= Fo, +02) (k 


Fi 
1]V Sane 
Fo, (k1)] V [Fo, (k2) A Fos (k2)] 
1) V Feo, +02) (ka), 


02 con 


for 1,92 € P, + Py. 
Case 3: For k, € P\, kz € Po, by definition 2.32, 
To, (kz) = To. (k1) =0, Io, (k2) = To, (k1) =0, Fo, (kz) = Fo, (k1) = 1, s0 
T(01,+0n) (Kik2) = To, (1) A To, (k2) 
= [To, (ki) V 0) A [To, (k2) V 0} 
= [To, (ki) V To, (k1)] A (Lo. (k2) V To, (k2)) 
= To, 402) (k1) A T(01 402) (ka), 


T(0y,+O2,) (Kika) = Io, (k1) A Io, (k2) 
= [Io, (k1) VO] A [To, (k2) V 0} 
= [Io, (1) V To, (k1)] A Yo. (k2) V Io, (k2)| 
= Io, +02)(k1) A 1.01 +02) (k2), 
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F(Oyn+0on) (kik2) = Fo, (1) V Fo, (ka) 
= |[Fo,(k1) A 1] V [Fo, (k2) A 1] 
= [Fo,(k1) A Fo, (k1)] V [Fos (k2) A Fo, (k2)] 
= F(o, 402) (k1) V Feo, +02) (ka), 
for ky, ko € Py + Pr. 
All these cases hold Vh € {1,2,...,r}. This completes the proof. 














Theorem 2.35. HG = (Pr + Po, Pu + Po, Pig + Poo, os ee ai + P»,) is the jon of 
the two GSs Gy = (Pi, Pir, Pre, wey Pip) and Go = (Pz, P21, Poa, ity Poe) Then each 
strong INGS G; = (O,O},O2,...,O,) of G, is join of the two strong INGSs Gi and 
Gio of GSs G, and Gs, respectively. 


Proof. We define O; and Oj, for != 1,2 andh=1,2,...,r as: 
To, (k) = To(k), Io, (k) = Io(k), Fo, (k) = Fo(k), if k © B, 
To, (kik2) = Toy, (kik2), Lon, (ki ka) = To, (kik), Fou, (kik) = Fo, (kik2), if 

kiko € Pin. 

Now for kykg € Py, b= 1,2, h=1,2,...,7, 

Toy, (kik2) = To, (kik2) = To(ki) A To(k2) = To, (ki) A To, (kz); 

Toy, (kik2) = Io, (kik2) = Lo(ki) A Io(k2) = Lo, (ki) A Lo, (ke), 

For, (ki k2) = Fo, (ky k2) = Fo(k1) V Fo(k2) = Fo, (kx) V Fo, (ke), i.e., 

Gu = (O;, On, Ov, ..-, Or) is strong INGS of Gi, f= 1,2. 

Moreover, G; is the join of Gi and Giz as shown: 

According to the definitions 2.28 and 2.32, O = O, UO2g = O, + Og and Opn = 

On U Oon = O1n + Oon, Vike € Pin U Pan. 

When kyk2 € Pin + Pon (Pin U Prp), Le., ky € Py and ko € Pa, 

To, (kik2) = To(ki) A To(k2) = To, (ki) A To, (k2) = Toy, +02n) (Rika), 
To, (kik2) = Io(ki) Io (k2) = Lo, (ki) Ao, (k2) = [04 +02n) (Kik2), Fo, (kik2) = 

Fo(ki) V Fo(k2) = Fo, (ki) V Fo, (k2) = Feoy, +O2n) (ki k2); 

when ky, € Po, ko € P,, we get similar calculations. It’s true for h = 1,2,...,r. This 

completes the proof. Oo 





3. Application 


According to IMF data, 1.75 billion people are living in poverty, their living is 
estimated to be less than two dollars a day. Poverty changes by region, for example in 
Europe it is 3%, and in the Sub-Saharan Africa it is up to 65%. We rank the countries 
of the World as poor or rich, using their GDP per capita as scale. Poor countries are 
trying to catch up with rich or developed countries. But this ratio is very small, that’s 
why trade of poor countries among themselves is very important. There are different 
types of trade among poor countries, for example: agricultural or food items, raw 
minerals, medicines, textile materials, industrials goods etc. Using INGS, we can 
estimate between any two poor countries which trade is comparatively stronger than 
others. Moreover, we can decide(judge) which country has large number of resources 
for particular type of goods and better circumstances for its trade. We can figure out, 
for which trade, an external investor can invest his money in these poor countries. 
Further, it will be easy to judge that in which field these poor countries are trying to 
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TABLE 1. IN set O of nine poor countries on globe 


[Foor Commie PT TT TF 
Congo 
Liberia 
Burundi 
Tanzania 


Uganda 
Sierra Leone 
Zimbabwe 
Kenya 
Zambia 





be better, and can be helped. It will also help in deciding that in which trade they 
are weak, and should be facilitated, so that they can be independent and improve 
their living standards. 

We consider a set of nine poor countries in the World: 


P = {Congo, Liberia, Burundi, Tanzania, Ugenda, SierriaLeone, Zimbabwe, Kenya, Zambia}. 


Let O be the IN set on P, as defined in Table 1. In Table 1, symbol T demonstrates 
the positive aspects of that poor country, symbol J indicates its negative aspects, 
whereas F' denotes the percentage of ambiguity of its problems for the World. Let 
we use following alphabets for country names: 

CO = Congo, L = Liberia, B = Burundi, T = Tanzania, U = Uganda, SL = Sierra 
Leone, ZI = Zimbabwe, K = Kenya, ZA = Zambia. For every pair of poor countries 
in set P, different trades with their T, J and F values are demonstrated in Tables 
2—8, where T, F and I indicates the percentage of occurrence, non-occurrence and 
uncertainty, respectively of a particular trade between those two poor countries 


TABLE 2. IN set of different types of trade between Congo and 
other poor countries in P 
Food items 0.1, 0.2, 0.3 : : : : 0.4, 0.3, 0.5 0. : 0. T, - 3 
Chemicals 
Oil 


0.2, 0.4, 0.3 
0.4, 0.2, 0.1 


( ) 

(0.3, 0.2, 0.4) 

(0.4, 0.2, 0.2) 

(0.4, 0.1, 0.2) 

Textile products ( ) 
Gold and diamonds ( ) 


0.2, 0.3, 0.3 
0.4, 0.1, 0.1 


0.1, 0.3, 0.2 


) 

-1) 

0.5, 0.3, 0.1) 

-1) 

3) 

0.2, 0.2, 0.4 ) 


( ) 
( ) 
( ) 
Raw minerals (0.3, 0.1, 0.1) 
( ) 
( ) 


0.1, 0.3, 0.3 





Muhammad Akram et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 1-27 


TABLE 3. IN set of different types of trade between Liberia and 
other poor countries in P 


Food items 0.4, 0.2, 0.2 0.4, 0.3, 0.2 0.3, 0.3, 0.3) | (0.2, 0.3, 0.3 
Chemicals 0.2, 0.2, 0.4 
Oil 0.1, 0.1, 0.4 


( ) 

( ) | (0.1, 0.4, 0.3 

( ) 
Raw minerals (0.3, 0.1, 0.3) 

( ) 

( ) 


02.0:3,-0:3 


( ) 
( ) 0.2, 0.2, 0.4 
( ) 
(0.2, 0.2, 0.3) 
( ) 
( ) 


0.2, 0.4, 0.3 


( ) 
( ) | (0.1, 0.3, 0.3 
( ) 
(0.3, 0.2, 0.3) 
( ) 
( ) 


( ) 

( ) 

(0.2, 0.2, 0.3) 

(0.2, 0.1, 0.3) 

Textile products 0.1, 0.3, 0.4 ( ) 
Gold and diamonds | (0.2, 0.1, 0.4 ( ) 


0:1,0.3,.0;3 
0.2, 0.1, 0.3 


04; 09, 03 
0.4, 0.1, 0.1 


0.2, 0.2, 0.3 
0.3, 0.1, 0.1 





TABLE 4. IN set of different types of trade between Burundi and 
other poor countries in P 


0.3, 0.2, 0.2 
Chemicals 0.1, 0.2, 0.3 
Oil 0.1, 0.1, 0.4 


( ) 0.3, 0.3, 0.2 
( ) 
( ) 
Raw minerals (0.2, 0.1, 0.3) 
( ) 
( ) 


Food items ( ) 
(0.3, 0.4, 0.3) 
(0.2, 0.2, 0.5) 
(0.3, 0.2, 0.2) 
Textile products 0.3, 0.1, 0.1 ( ) 
( ) 


Gold and diamonds | (0.3, 0.2, 0.3 


0:3.6:2; 01 
0.2, 0.4, 0.2 





TABLE 5. IN set of different types of trade between Tanzania and 
other poor countries in P 


+ 0.1, - ‘A, 0.3, 0.2) | (0.3, 0-2, 0.2) 

(0.3, 0.4, 0.4) 
(0.2, 0.3, 0.3) | ( 0.1, 0.3, 0.3) 
(0. 3) | (0.3, 0.2, 0.3) 
( 
( 


Food items 0.4, 0.2, 0.1 
Chemicals 0.2, 0.3, 0.3 
Oil 0.1, 0.3, 0.3 


) |} (0. . 0: 1, r 1 

) 

) 
Raw minerals 0.3, 0.3, 0.4) 

) 

) 


0.4, 0.1, 0.3 


Textile products 0.2, 0.4, 0.3 
Gold and diamonds | (0.3, 0.4, 0.3 


0.2, 0.4, 0.4 
0.4, 0.3, 0.4 


0.1, 0.3, 0.4 
0.3, 0.1, 0.1 


0.2, 0.3, 0.2) | (0.4, 0.1, 0.2) 
0.2, 0.2, 0.2) | (0.4, 0.3, 0.3) 





dC 
4) | (0. 
)| (0.3, 0.4, 02 
3) | (0. 
dC 
) LC 


( 
(0. 
( 
(0. 
( 
( 


TABLE 6. IN set of different types of trade between Sierra Leone 

and other poor countries in P 
Food items 0.3, 0.3, 0.2 : ; : : 0.5, 0.1, 0.1 : : 
Chemicals 


Oil 


0.2, 0.3, 0.4 
0.1, 0.3, 0.4 


( ) 
(0.2, 0.2, 0.3) 
(0.5, 0.2, 0.1) 
(0.3, 0.3, 0.3) 
0.2, 0.4, 0.2 ( ) 
0.3, 0.1, 0.1 ( ) 


0.2, 0.2, 0.3 
0.4, 0.1, 0.2 


Textile products 
Gold and diamonds 


( ) 
( ) 
( ) 
Raw minerals (0.3, 0.2, 0.2) 
( ) 
( ) 
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TABLE 7. IN set of different types of trade between Zimbabwe and 
other poor countries in P 

Food items 0.3, 0.2, 0.2) | (0.3, 0.1, 0.1) 
Chemicals 0.3, 0.3, 0.2) | (0.2, 0.4, 0.3) 
0.1, 0.4, 0.4) 
) 
) 
) 


( 

( 0.2, 0.1, 0.2 
( 

(0.3, 0.2, 0.1 

( 

( 


Raw minerals 
Textile products 
Gold and diamonds 


0.3, 0.1, 0.2 
0.2, 0.2, 0.2 
0.3, 0.3, 0.1 


0.2, 0.4, 0.3 
03, 0.2.04 





( ) 
( ) 
Oil (0.1, 0.3, 0.3) 
( ) 
( ) 
( ) 


7 
) 
-1) 
1) 
-1) 
) 


0.3, 0.2, 0.1 


TABLE 8. IN set of different types of trade between Zambia and 
other poor countries in P 


Food items 0.3, 0.1, 0.2 
Chemicals 0.2, 0.2, 0.2 


( ) 0.3, 0.1, 0.3 
( ) 
Oil (0.4, 0.1, 0.1) 
( ) 
( ) 
( ) 


( ) 
(0.3, 0.1, 0.1) 
(0.3, 0.2, 0.2) 
Raw minerals 0.3, 0.1, 0.1 ( ) 
0.2, 0.2, 0.2 ( ) 
0.1, 0.2, 0.4 ( ) 


0.4, 0.1, 0.1 
05. 6.4, 02 
0.3, 0.2, 0.1 


Textile products 
Gold and diamonds 





Many relations can be defined on the set P, we define following relations on set P 
as: 

P, = Food items, P2 = Chemicals, P3 = Oil, Py = Raw minerals, P5; = Textile 
products, Ps = Gold and diamonds, such that (P, Pi, Po, P3, Ps, Ps, Ps) is a GS. 
Any element of a relation demonstrates a particular trade between those two poor 
countries. As (P, P;, P2, P3, Ps, Ps, Ps) is GS, that’s why any element can appear in 
only one relation. Therefore, any element will be considered in that relation, whose 
value of T is high, and values of I, F are comparatively low, using data of above 
tables. 

Write down T, I and F values of the elements in relations according to above data, 
such that O1, O2, O3, O41, Os, Og are IN sets on relations P;, P2, P3, Py, Ps, Po, 
respectively. 

Let P, = {(Burundi, Congo), (SierraLeone, Congo), (Burundi, Zambia)}, Po = {(Kenya, Congo)}, 


P3 = {(Congo, Zambia), (Congo, Tanzania), (Zimbabwe, Congo)}, 

P, = {(Congo, Uganda), (SierraLeone, Kenya), (Zambia, Kenya) }, 

Ps = {(Burundi, Zimbabwe), (Tanzania, Burundi) }, 

Ps = {(SierraLeone, Liberia), (Uganda, SierraLeone), (Zimbabwe, SierraLeone)}. 


Let O; = {((B, CO), 0.4, 0.2, 0.1), ((SL, CO), 0.5, 0.1, 0.1), ((B, ZA), 0.4, 0.2, 0.1)}, 
Oz = {((K, CO), 0.5, 0.1, 0.1)}, O3 = {((CO, ZA), 0.4, 0.1, 0.1), ((CO, T), 0.5, 0.1, 0.2), 
((ZI, CO), 0.3, 0.1,0.1)}, Os = {((CO, U), 0.4, 0.1, 0.2), ((SL, K), 0.5, 0.2, 0.1), ((ZA, K), 0.4, 0.1, 0.1)}, 
Os = {((B, ZJ), 0.3, 0.2, 0.1), ((T, B), 0.3, 0.1,0.1)}, Og = {((SL, L), 0.4, 0.1, 0.1), ((U, SL), 0.4, 0.2, 0.1), 
(ZI, SL),0.3,0.1,0.1)}. Obviously, (O, O71, Oz, Os, O., Os, Oz) is an INGS as 
shown in Fig. 10. 
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(0.4, 0.1, 0.1) 
Gold and diamonds 
Sierra 
Leone 


Food items Gold and diamonds (0.5, 0.2, 0.1) 
(0.5, 0.1, 0.1) (0.4, 0.2, 0.1) 







Gold and diamonds 
(0.3, 0.1, 0.1) 













Raw minerals 













Chemicals 
(0.5, 0.1, 0.1) 








Raw minerals 
(0.4, 0.1, 0.2) 






Food items 
(0.4, 0.2, 0.1) 





Zimbabwe 


Raw minerals 
(0.4, 0.1, 0.1) 








Textile products 
(0.3, 0.1, 0.1) 









Textile products 
(0.3, 0.2, 0.1) 







Food items 
(0.4, 0.2, 0.1) 


FicurRE 10. INGS indicating eminent trade between any two poor countries 


Every edge of this INGS demonstrates the prominent trade between two poor coun- 
tries, for example prominent trade between Congo and Zambia is Oil, its T, F and 
I values are 0.4, 0.1 and 0.1, respectively. According to these values, despite of 
poverty, circumstances of Congo and Zambia are 40% favorable for oil trade, 10% 
are unfavorable, and 10% are uncertain, that is, sometimes they may be favorable 
and sometimes unfavorable. We can observe that Congo is vertex with highest ver- 
tex degree for relation oil and Sierra Leone is vertex with highest vertex degree for 
relation gold and diamonds. That is, among these nine poor countries, Congo is 
most favorable for oil trade, and Sierra Leone is most favorable for trade of gold and 
diamonds. This INGS will be useful for those investors, who are interested to invest 
in these nine poor countries. For example an investor can invest in oil in Congo. 
And if someone wants to invest in gold and diamonds, this INGS will help him that 
Sierra Leone is most favorable. 


A big advantage of this INGS is that United Nations, IMF, World Bank, and rich 
countries can be aware of the fact that in which fields of trade, these poor countries 
are trying to be better and can be helped to make their economic conditions better. 
Moreover, INGS of poor countries can be very beneficial for them, it may increase 


trade as well as foreign aid and economic help from the World, and can present their 
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better aspects before the World. 


We now explain general procedure of this application by following algorithm. 
Algorithm: 


1. Input a vertex set P = {C1,C2,...,C,} and a IN set O defined on set P. 

2. Input IN set of trade of any vertex with all other vertices and calculate 
T, F, and I of each pair of vertices using, T(C;C;) < min(T'(C;), T(C;)), 

3. Repeat Step 2 for each vertex in set P. 

4. Define relations P,, P2,...,P, on the set P such that (P, P,, Po,..., Pr) is 
a GS. 

5. Consider an element of that relation, for which its value of T is comparatively 
high, and its values of F and I are low than other relations. 

6. Write down all elements in relations with 7, F and J values, corresponding 
relations O,,O2,...,On are IN sets on P,, Po, P3,..., Pn, respectively and 
(O, O71, Oo, ry On) is an INGS. 


4. CONCLUSIONS 


Fuzzy graphical models are highly utilized in applications of computer science. 
Especially in database theory, cluster analysis, image capturing, data mining, control 
theory, neural networks, expert systems and artificial intelligence. In this research 
paper, we have introduced certain operations on intuitionistic neutrosophic graph 
structures. We have discussed a novel and worthwhile real-life application of intu- 
itionistic neutrosophic graph structure in decision-making. We have intensions to 
generalize our concepts to (1) Applications of IN soft GSs in decision-making (2) 
Applications of IN rough fuzzy GSs in decision-making, (3) Applications of IN fuzzy 
soft GSs in decision-making, and (4) Applications of IN rough fuzzy soft GSs in 
decision-making. 

Acknowledgment: The authors are thankful to Editor-in-Chief and the referees 
for their valuable comments and suggestions. 
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1. INTRODUCTION 


The concept of neutrosophic quadruple numbers was introduced by Florentin 
Smarandache [18]. It was shown in [18] how arithmetic operations of addition, sub- 
traction, multiplication and scalar multiplication could be performed on the set of 
neutrosophic quadruple numbers. In [1], Akinleye et.al. introduced the notion 
of neutrosophic quadruple algebraic structures. Neutrosophic quadruple rings were 
studied and their basic properties were presented. In the present paper, two hyper- 
operations + and x are defined on the neutrosophic set NQ of quadruple num- 
bers to develop new algebraic hyperstructures which we call neutrosophic quadru- 
ple algebraic hyperstructures. Specifically, it is shown that (NQ, x) is a neutro- 
sophic quadruple semihypergroup, (NQ,+) is a neutrosophic quadruple canonical 
hypergroup and (NQ,+, x) is a neutrosophic quadruple hyperrring and their basic 
properties are presented. 


Definition 1.1 ([18]). A neutrosophic quadruple number is a number of the 
form (a, bT, cI,dF’) where T, I, F have their usual neutrosophic logic meanings and 
a,b,c,d € R or C. The set NQ defined by 


(1.1) NQ = {(a,bT, cI, dF) : a,b,c,d € R or C} 
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is called a neutrosophic set of quadruple numbers. For a neutrosophic quadruple 
number (a, bT,cI,dF) representing any entity which may be a number, an idea, an 
object, etc, a is called the known part and (bT, cI, dF’) is called the unknown part. 


Definition 1.2. Let a = (a1,a2T,a3I,a4F),b = (b1,boT,b3I,b4F) € NQ. We 
define the following: 

(1.2) atb = (a; +b1, (az + b2)T, (a3 + b3)I, (a4 + b4)F), 

(1.3) a-b = (a1 — b1, (a2 — b2)T, (a3 — bs)I, (a4 — b4)F). 

Definition 1.3. Let a = (a1, a2T,a3I,a4F) € NQ and let a be any scalar which 
may be real or complex, the scalar product a.a is defined by 

(1.4) a.a = a.(a1, 42T, a3l, a4F’) = (aay, aa2T, aasl, aa4sF). 


If a = 0, then we have 0.a = (0,0,0,0) and for any non-zero scalars m and n and 
b= (b1, boT, b3I, b4F), we have: 








(m+n)ja = ma+tna, 
m(a+b) = ma+mb, 
mn(a) = m(na), 
-—a = (-a1,—a2T,—a3I,—asF). 


Definition 1.4 ({18]). [Absorbance Law] Let X be a set endowed with a total order 
x < y, named ” « prevailed by y” or ”a less stronger than y” or ”az less preferred 
than y”. x < y is considered as ”x prevailed by or equal to y” or ”x less stronger 
than or equal to y” or ”x less preferred than or equal to y”. 

For any elements x,y € X, with x < y, absorbance law is defined as 


(1.5) x.y = y.x£ = absorb(z, y) = max{z,y} =y 
which means that the bigger element absorbs the smaller element (the big fish eats 
the small fish). It is clear from (1.5) that 
(1.6) g.a = 2” =absorb(2,rz) = max{z,2}=—2 and 
(1.7) 1.09 Xn = Max{11,%2,°-- Ln}. 
Analogously, if > y, we say that ”x prevails to y” or ”x is stronger than y” or 


”g is preferred to y”. Also, if x > y, we say that ”x prevails or is equal to y” or "a 
is stronger than or equal to y” or x is preferred or equal to y”. 


Definition 1.5. Consider the set {T,7, Ff}. Suppose in an optimistic way we con- 
sider the prevalence order T > J > F. Then we have: 


(1.8) T] = If=maxiT J) =f, 
(1.9) TF = Fr =max{T,F}=T, 
(1.10) IF = FI=max{I,F}=I, 
(1.11) TL ee: PT 

(1.12) if =o, 

(1.13) PR = =F 
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Analogously, suppose in a pessimistic way we consider the prevalence order T' < 
I< F. Then we have: 


(1.14) TT = if =mal a 
(1.15) TF = FT =max{T,F}—F, 
(1.16) IF = FI=max{I,F} =F. 
(1.17) TS] 27 
(1.18) = FST, 
(1.19) PR = Ff =F 


Except otherwise stated, we will consider only the prevalence order T < I< F 
in this paper. 


Definition 1.6. Let a = (a1, a2T, a3I, a4F), b = (bj, boT, b3I, bs F) € NQ. Then 


a.b = (a1, a2T, agl, aaF’).(b,, beT, b3I, ba F’) 
= (arby, (a1b2 + ab + agb2)T, (a1b3 + agbs + a3b4 + agb2 + az3b3)I, 
(1.20) (ayb4 + agb4,a3b4 + aby + a4b2 + a4b3 + aab4)F). 


Theorem 1.7 ({1]). (NQ,+) is an abelian group. 
Theorem 1.8 ([1]). (NQ,.) is @ commutative monoid. 
Theorem 1.9 ([1]). (NQ,.) is not a group. 

Theorem 1.10 ({1]). (NQ,+,.) is a commutative ring. 


Definition 1.11. Let NQR be a neutrosophic quadruple ring and let NQS be a 
nonempty subset of NQR. Then NQS is called a neutrosophic quadruple subring of 
NQR, if (NQS, +, .) is itself a neutrosophic quadruple ring. For example, NQR(nZ) 
is a neutrosophic quadruple subring of NQR(Z) for n = 1, 2,3,--- 


Definition 1.12. Let NQJ be a nonempty subset of a neutrosophic quadruple 
ring NQR. NQJ is called a neutrosophic quadruple ideal of NQR, if for all x,y € 
NQJ,r © NQR, the following conditions hold: 

(i) c-—yEeNQJ, 

(ii) ar € NQJ and ra € NQJ. 


Definition 1.13 ([1]). Let NQR and NQS be two neutrosophic quadruple rings 
and let 6: NQR — NQS be a mapping defined for all x,y € NQR as follows: 


(i) O(a +y) = O(a) + oly), 

(ii) o(@y) = Ae )o(y), 

(iii) d(7) = T, d7) =I and 6(F) = F, 

(iv) @(1,0,0 ae (1,0, 0,0). 

Then ¢ is called a neutrosophic quadruple homomorphism. Neutrosophic quadruple 
monomorphism, endomorphism, isomorphism, and other morphisms can be defined 
in the usual way. 


Definition 1.14. Let 6: NOR — NQS be a neutrosophic quadruple ring homo- 
morphism. 
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(i) The image of ¢ denoted by Im¢ is defined by the set 
Imd = {y€ NQS : y = ¢(2), for some « € NQR}. 
(ii) The kernel of ¢ denoted by Ker¢ is defined by the set 
Kerd = {x € NQR: ¢(x) = (0,0,0,0)}. 


Theorem 1.15 ([1]). Let 6: NQR > NQS be a neutrosophic quadruple ring 
homomorphism. Then: 

(1) Imé¢ is a neutrosophic quadruple subring of NQS, 

(2) Kerd is not a neutrosophic quadruple ideal of NQR. 


Theorem 1.16 ((1]). Let ¢: NQOR(Z) > NQR(Z)/NQR(nZ) be a mapping defined 
by d(x) = 24+ NQR(nZ) for all x € NQR(Z) and n =1,2,3,.... Then @ is not a 


neutrosophic quadruple ring homomorphism. 


Definition 1.17. Let H be a non-empty set and let + be a hyperoperation on H. 
The couple (H, +) is called a canonical hypergroup if the following conditions hold: 
i)x+y=y+¢a, forall z,yeH, 
ii) e+ (y+z) =(a@+y) +2, for all z,y,z € H, 
iii) there exists a neutral element 0 € H such that x +0 = {x} = 0+ 2, for all 
x é€ dH, 
iv) for every « € H, there exists a unique element —2 € H such that 0 € 
x +(-2)N(-—2)+2, 
v)z€a+y implies y € —a +z anda €z-y, for all z,y,z € H. 

A nonempty subset A of H is called a subcanonical hypergroup, if A is a canonical 
hypergroup under the same hyperaddition as that of H that is, for every a,b € A, 
a—0bé€A,. If in addition a+ A—aC A for all a € H, A is said to be normal. 








Definition 1.18. A hyperring is a tripple (R,+,.) satisfying the following axioms: 
(i) (R, +) is a canonical hypergroup, 
(ii) (R,.) is a semihypergroup such that x.0 = 0.2 = 0 for all « € R, that is, 0 is 
a bilaterally absorbing element, 
(iii) for all z,y,z € R, 


xu(ytz)=axyt+au.z and (a1+y).2=u.2+y.z. 
That is, the hyperoperation . is distributive over the hyperoperation +. 


Definition 1.19. Let (R,+,.) be a hyperring and let A be a nonempty subset of 
R. A is said to be a subhyperring of R if (A,+,.) is itself a hyperring. 


Definition 1.20. Let A be a subhyperring of a hyperring R. Then 
(i) A is called a left hyperideal of R if r.a C A for allr € R,a€ A, 
(ii) A is called a right hyperideal of R if a.r C A for allr € R,a€ A, 
(iii) A is called a hyperideal of R if A is both left and right hyperideal of R. 


Definition 1.21. Let A be a hyperideal of a hyperring R. A is said to be normal 
in R, ifr+A—rCA, for allre R. 


For full details about hypergroups, canonical hypergroups, hyperrings, neutro- 
sophic canonical hypergroups and neutrosophic hyperrings, the reader should see 
[3, 14] 
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2. DEVELOPMENT OF NEUTROSOPHIC QUADRUPLE CANONICAL HYPERGROUPS 
AND NEUTROSOPHIC QUADRUPLE HYPERRINGS 


In this section, we develop two neutrosophic hyperquadruple algebraic hyper- 
structures namely neutrosophic quadruple canonical hypergroup and neutrosophic 
quadruple hyperring . In what follows, all neutrosophic quadruple numbers will be 
real neutrosophic quadruple numbers i.e a, b,c,d € R for any neutrosophic quadru- 
ple number (a, 0T,cI,dF) € NQ. 


Definition 2.1. Let + and . be hyperoperations on R that is x+y C R,z.y C R for 
alla, y € R. Let + and x be hyperoperations on NQ. For x = (#1, #2T, 231, 24F),y = 
(M1, yoT, ysl, ys) € NQ with Lis Yi € R,i _ 1, 2, 3, 4, define: 








sty = {(a,bT,cl,dF):a€a1+y1,b€ 224+ ye, 
(2.1) cE a3 +y3,d€ 24+ ys}, 
xxy = {(a,bT,cl,dF):a€ 21.y1,b € (x1.y2) U (2.41) U (r2-y2), € € (21-y3) 
U(a2-y3) U (13-41) U (23-Y2) U (x3.Y3), dé (@1-y4) U (x2.y4) 
(2.2) U(a3-ya) U (w4.Y1) U (@4.y2) U (x4.y3) U (a4.ya)}. 


Theorem 2.2. (NQ,+) is a canonical hypergroup. 
Proof. Let z= (#7; LT, xl, t4F), YS (yi, yt, yal, ysF), o> (eG zoT, 23, 24F) € 
NQ be arbitrary with x;,y;, 2; € R,i = 1, 2,3, 4. 

(i) To show that x+y = y+z, let 








gty = {a = (a1, a2T, a3l,a4F) : a) € 21 + yi, G2 € 2 + y2, 43 € X13 + y3, 
: a4 € 4+ Ys}, 
yte = {b = (by, boT, b3l, b4F) : by © yr + 21, be © Yo + 2, b3 € yg +3, 
b4 € ya + xa}. 


Since a;,b; € R,i = 1,2,3,4, it follows that ety = yta. 
(ii) To show that that a+(y+z) = (aty)+z, let 
ytz = {w = (wi, wT, w3l, waF) : wy € yt + 21, We € yo + 20, 
w3 © y3 + 23, Wa © ya + 24}. Now, 











t+H(ytz) = «tw 
= {p=(p1,p2T, p3l,paF) : py € £1 + Wi, po € Lo + We, pz € 3 + Ws, 
pa U4+ wa} 
= {p=(pi,peT,p3l,paF) : pi € 21 + (y1 + 21), p2 € L2 + (yo + 22), 








p3 © £3 + (y3 + 23), pa © Za t+ (ys + 2a)f- 
Also, let aty = {u = (wu, U2T,u3l,usF) : uy € 21+ y1,u2 € 2+ y2,U3 € £3 
y3,uUa € 24 + ys} so that 
(aty)tz = utz 
= {q=(H, 7, 43!,a4F) 2% € uit 21,42 € U2 + 22, 93 € U3 + 23, 
ga © U4 + zat 
= {¢=(n,@T, 931, uF): a € (a1 +41) + 21,42 € (a2 + y2) + 22, 


q3 € (%3 + y3) + 23,94 € (@4 + ya) + 2a}. 
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Since uj, Pi, Gi, Wi, Ci, Yi, 2% € R,i = 1,2, 3,4, it follows that x+(ytz) = (aty)+<. 
(iii) To show that 0 = (0,0,0,0) € NQ is a neutral element, consider 





z+(0,0,0,0) = {a= (a1,a2T,a3I,a4F) : ay € 21 +0,a2 € 2+ 0,a3 € £3 +0, 
a4 € 4 + OF 
= {a= (a1, 42T,a3I,a4F) : a, € {21}, a2 € {xo}, a3 € {zr}, 
ag € {xa}} 
= {r}. 


Similarly, it can be shown that (0,0,0,0)+a = {x}. Hence 0 = (0,0,0,0) € NQ isa 
neutral element. 

(iv) To show that that for every  € NQ, there exists a unique element —x € NQ 
such that 0 € a+(—a)N (—x)+2, consider 

















gt+(—2)N(—2)te = {a= (a1, a2T,a3I,a4F) : a, € £1 — 11,02 € £2 — 2X2, 
a3 € %3 — %3,a4 € eq — 14} {b = (1, baT, bs, bs F) : 
by € —%1 + 21, be £2 + Lo, bs r3 + £3, b4 t4 +24} 
= {(0,0,0,0)}. 


This shows that for every x € NQ, there exists a unique element —x € NQ such 
that 0 € 2+(—xr)N (=2x)+a. 

(v) Since for all x,y,z € NQ with 2;,y1,2; € R,i = 1,2,3,4, it follows that 
z € x+y implies y € ~x+z and x € z+(-y). Hence, (NQ,+) is a canonical 
hypergroup. 

















Lemma 2.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. Then 
(1) =(-x) =z for allx € NQ, 
(2) 0 = (0,0,0,0) ts the unique element such that for every x © NQ, there is an 
element —x € NQ such that 0 € x+(—2), 
(3) —0=0, 
(4) -(aty) = —-2-y for all x,y € NQ. 


Example 2.4. Let NQ = {0,x,y} be a neutrosophic quadruple set and let + be a 
hyperoperation on NQ defined in the table below. 























+ | 0 x y 
0/0 x y | 
ele | Oya | 
y ly y {0, y} | 








Then (NQ,+) is a neutrosophic quadruple canonical hypergroup. 
Theorem 2.5. (NQ, x) is a semihypergroup. 


Proof. Let « = (41,27, 231,v4F),y = (y1, yoT, ysl, ysF), 2 = (21, 2aT, 231, 24 F) € 
NQ be arbitrary with x;,y;, 2; € R,i = 1, 2,3, 4. 
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exy = {a= (a1, a2T,a3I,a4F) : ay € ©1y1, 42 € 11Yy2 UL2y1 U Toyo, 3 © @1Yy3 
Uxey3 Urg3y1 U r3y2 U ©3y3, da © X1y4 U T2Y4 
Unrsy4 U vay U tayo U ways U rays} 
c NQ. 
(ii) To show that xx(yxz) = (xxy)xz, let 


yxz = {w= (wi, wT, w3l, waF) : wy € y121, We € Yiz2 U yoz1 U y222, 
ws © yi2z3 U yo2z3 U 321 U y32za U y32z3, Wa © yi 24) U yo2a 
(2.3) Uysza U yazi U ya2a U yaz U yazat} 
so that 
zx(yxz) = £xw 


= {p= (p1,p2T, p3l, paF) : pi € £1 W1,p2 € L1wW2 U FQw1 U Xow, 
pz © £1W3 U rqw3 U r3W1 U r3W2 U r3y3, pa © 11W4 U LoW4 


(2.4) Ur3w4 Ut4wy, U @4we U t4w3 U £44}. 
Also, let 
xxy = f{u=(uj,u2eT,uzl,usF) : uy € 21y1, U2 € L1y2 U Ty1 U Loyo, ug E 21Y3 
Urey3 Urgyi U gy U t3y3, U4 © 11 Ys U Zoya 
(2.5) Uasya U vay1 U Layo U ways U vaya} 
so that 
(exy)Xz = uxz 


= {¢= (1,7, a31,q4F) 2 1 € U121, G2 © U122 U U221 U U22, 
g3 © U123 U U223 U ugz1 U UgZz2 U U3Z23, da © U124 U U2 24 
(2.6) Uugz4 U uazy U U4zg U U4z3 U Usza}. 
Substituting w; of (2.3) in (2.4) and also substituting u; of (2.5) in (2.6), where 
i = 1,2,3,4 and since p;, qi, Ui, Wi, Zi, 2% € R, it follows that 2x(yxz) = (x@xy)xz. 
Consequently, (NVQ, x) is a semihypergroup which we call neutrosophic quadruple 
semihypergroup. 














Remark 2.6. (NQ, x) is not a hypergroup. 


Definition 2.7. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
For any subset NH of NQ, we define 


“NH ={-a«:2€ NH}. 
A nonempty subset NH of NQ is called a neutrosophic quadruple subcanonical 
hypergroup, if the following conditions hold: 
(i) 0 = (0,0,0,0) Ee NH, 
(ii) c—y C NA for all x,y € NA. 
A neutrosophic quadruple subcanonical hypergroup NH of a netrosophic quadruple 


canonical hypergroup NQ is said to be normal, if e+NH—a« C NH for alla € NQ. 
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Definition 2.8. Let (NQ, ys be a neutrosophic quadruple canonical hypergroup. 
For x; € NQ with i = 1,2,3...,n EN, the heart of N@ denoted by NQ,, is defined 
by 


NQua = U S- (« . 
i=1 
In Example 2.4, NQ, = NQ. 


Definition 2.9. Let (NQ,,+) and (NQo, + ‘) be two neutrosophic quadruple canon- 
ical hypergroups. A mapping ¢: NQ; > NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 


(i) (44) = o(x)+'o(y) for all a,y € NQu, 
(ii) o(T) =T, 
) 
v) 


(iii) o(J) = I, 
(iv) O(F) = F, 
(v) o(0) =0. 


If in addition @ is a bijection, then @ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQz. 


Definition 2.10. Let ¢ : NQ; — NQz, be a neutrosophic quadruple strong ho- 
momorphism of neutrosophic quadruple canonical hypergroups. Then the set {x € 
NQ1 : o(x) = 0} is called the kernel of ¢ and it is denoted by Kerd. Also, the set 
{¢(x) : x € NQ;} is called the image of ¢ and it is denoted by Im@. 


Theorem 2.11. (NQ,+, x) is a hyperring. 


Proof. That (NQ,+) is a canonical hypergroup follows from Theorem 2.2. Also, 
that (NQ, x) is a semihypergroup follows from Theorem 2.4. 

Next, let « = (a1, %2T,23I,24F) € NQ be arbitrary with v;,y;,2; € R,i = 
1,2,3,4. Then 


exO = {u= (uy, U2T, ugl,ugF) : uy € 21.0, ug € 21.0 U 22.0 U 22.0, ug € 21.0 
Ux2.0U ©3.0U 73.0 U v3.0, ua € ©1.0 U 2.0 U 3.0 U 44.0 U £4.0 
Ua4.0 U v4.0} 
= {u= (uw, uU2T, ugl,usF) : uz € {0}, us € {0}, us € {0}, ws € {O}} 
= {oO}. 
Similarly, it can be shown that 0x2 = {0}. Since x is arbitrary, it follows that 
xx0 = 0x2 = {0}, for all r € NQ. Hence, 0 = (0,0,0,0) is a bilaterally absorbing 
element. 
To complete the proof, we have to show that xx(y+z) = (2xy)+(xxz), for all 
x,y,z © NQ. To this end, let « = (a1, 22T,a31,24F),y = (y1, yoT, ysl, ysF), 2 = 
(21, 2aT, 231, z4F') € NQ be arbitrary with x;,y;, 2; € R,i = 1,2,3,4. Let 





yte = {w= (wi, wT, w3l,waF) : w1 € y+ 21, We € yo + 22, W3 € y3 t+ 23, 


(2.7) wa € ya + 2a} 
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so that 
zx(ytz) = 2xw 
= {p= (pi, peT, pst, paF) : pi € 21W1, po € L1w2U rqw1 U row, 
ps3 © £1W3 U rqw3 Ur3w, Ur3w2g Ursy3, pa € 11 W4U Low, 
(2.8) Ur3w4 Ut4wy U @4we U t4w3 U 244}. 


Substituting w;,7 = 1,2,3,4 of (2.7) in (2.8), we obtain the following: 


(2.9) pi € t1(yi + 21), 

(2.10) po € ti (ye t+ 22) Ure(y1 + 21) U e2(y2 + 22), 

(2.11) ps3 € a1(y3 + 23) U ro(y3 + 23) Uag(yi + 21) U3 (yo + 22) U v3 (y3 + 23), 
pa © £1 (ya + 24) Uta(ys + 24) U23(ys + 24) U ta(yr + 21) U ta(y2 + 22), 

(2.12) Usa(y3 + 23) U t4(ya + 2a). 




















Also, let 
gxy = {u= (uy, u2eT,ugl,usF) : uy € r1yi, U2 € L1y2 Urey, U Layo, 
ug © ©1y3 U ®2y3 UX3y1 U X3y2 U X3y3, Ua © 21 Ys U Loy 
(2.13) Uasy4 U vay1 U tayo U ways U ways} 
UXz = {u = (v1, veT, usI, va) s v1 © 0121, Vo © 1122 U%921 U 4220, 
v3 © @123 U %223 U 1321 U 4322 U 1323, V4 € 1124 U 224 
(2.14) Uag3z4 U 421 U 422 U 423 U 2424} 
so that 
(axy)t(axz) = utv 
= {¢=(,92T, 931, q4F): qm € U1 + 1,92 € Us t+ v2, 
(2.15) ga € ug + v3, qa € Us + U4}. 


Substituting u; of (2.13) and v; of (2.14) in (2.15), we obtain the following: 
(2.16) gi €urtu Cay +214 Cari(yt+ 2%), 
d2 € U2 + v2 € (#1y2 U way1 U r2y2) 
+(1129 U @221 U 22(z22) 
(2.17) Cay(yo + 22) U v2(yz + 21) U 2(yo + 22), 
q3 € ug + v3 C (@1y3 U ray3 U x3y1) U r3y2 U @3ys) 
+(2123 U 2223 U ©7321) U 0329 U £323) 
(2.18) © a1(y3 +23) U Za(ys + 23) Ux3(y1 + 21) U t3(y2 + 22) U ts (ys + 23). 
da € Ua + U4 © (21 ys U Loy U T3y4) U rays U ayo) U rays U raya) 
+(a124 U w224 U #324) U t421 U 0422) U 0423 U 0424) 
C ai(ys + 24) U ta(ya + 24) U wa (ya + 24) Ura(yn + 21) U ra(y2 + 22) 
(2.19)  Uxa(y3 + 23) U va(ys + 24). 
Comparing (2.9), (2.10), (2.11) and (2.12) respectively with (2.16), (2.17), (2.18) 


and (2.19), we obtain p; = q;,i = 1,2,3,4. Hence, «x (yz) = (wxy)+(2xz), for all 
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x,y,z € NQ. Thus, (NQ, +, x) is a hyperring which we call neutrosophic quadruple 
hyperring. 














Theorem 2.12. (NQ,+,0) is a Krasner hyperring where o is an ordinary multi- 
plicative binary operation on NQ. 


Definition 2.13. Let (NQ, +, x) be a neutrosophic quadruple hyperring. A nonempty 
subset NJ of NQ is called a neutrosophic quadruple subhyperring of NQ, if (NJ, +, x) 
is itself a neutrosophic quadruple hyperring. 
NJ is called a neutrosophic quadruple hyperideal if the following conditions hold: 

(i) (NJ, +) is a neutrosophic quadruple subcanonical hypergroup. 

(ii) For alla € NJ andr € NQ, xxr,rxa CO NJ. 
A neutrosophic quadruple hyperideal NJ of NQ is said to be normal in NQ, if 
z+NJ—a C NJ, for all x € NQ. 


Definition 2.14. Let (NQ,,4, x) and (NQ», +’, %’) be two neutrosophic quadru- 
ple hyperrings. A mapping @: NQ; — NQz is called a neutrosophic quadruple 
strong homomorphism, if the following conditions hold: 

(x+y) = o(x)+'d(y), for all x,y € NQu, 

axy) = ¢(x)x'd(y), for all x,y € NQ, 


(vi) 6(0) =0. 
If in addition ¢ is a bijection, then ¢ is called a neutrosophic quadruple strong 
isomorphism and we write NQ; = NQo». 


Definition 2.15. Let 6: NQ; — NQz2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple hyperrings. Then the set {x € NQ, : (a) = 0} 
is called the kernel of ¢ and it is denoted by Kerd. Also, the set {¢(x) : « € NQ,} 
is called the image of ¢ and it is denoted by Im@. 


Example 2.16. Let (NQ,+, x) be a neutrosophic quadruple hyperring and let 
NX be the set of all strong endomorphisms of NQ. If 6 and © are hyperoperations 
defined for all ¢,~% € NX and for all x € NQ as 

oop = {v(z): H(z) € O(z)+¥(2)}, 

GOP = {U(z):v(2) € O(z)x¥(a)}, 
then (NX, ®,©) is a neutrosophic quadruple hyperring. 


3. CHARACTERIZATION OF NEUTROSOPHIC QUADRUPLE CANONICAL 
HYPERGROUPS AND NEUTROSOPHIC HYPERRINGS 


In this section, we present elementary properties which characterize neutrosophic 
quadruple canonical hypergroups and neutrosophic quadruple hyperrings. 


Theorem 3.1. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ,+). Then 


(1) NGO NH is a neutrosophic quadruple subcanonical hypergroup of NQ, 
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(2) NG x NH is a neutrosophic quadruple subcanonical hypergroup of NQ. 


Theorem 3.2. Let NH be a neutrosophic quadruple subcanonical hypergroup of a 
neutrosophic quadruple canonical hypergroup (NQ,+). Then 

(1) NHiNH =NH, 

(2) c+NH =NH, for allxe NH. 


Theorem 3.3. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup. 
NQuw, the heart of NQ is a normal neutrosophic quadruple subcanonical hypergroup 


of NQ. 
Theorem 3.4. Let NG and NH be neutrosophic quadruple subcanonical hyper- 
groups of a neutrosophic quadruple canonical hypergroup (NQ, +). 

(1) If NGC NH and NG is normal, then NG is normal. 

(2) If NG is normal, then NG+NH is normal. 


Definition 3.5. Let NG and NH be neutrosophic quadruple subcanonical hy- 
pergroups of a neutrosophic quadruple canonical hypergroup (NQ,+). The set 
NG+NH is defined by 


(3.1) NGiNH =({aty:2€ NG,y € NH}. 


It is obvious that NG+NZH is a neutrosophic quadruple subcanonical hypergroup 
of (NQ,+). 


If « € NH, the set «+NH is defined by 
(3.2) t+NH ={a+y:y€ NH}. 


If ~ and y are any two elements of NH and 7 is a relation on NH defined by 
xty if x € y+ NH, it can be shown that 7 is an equivalence relation on NH and the 
equivalence class of any element x € NH determined by 7 is denoted by [2]. 


Lemma 3.6. For any x © NH, we have 
(1) [e] =24NH, 


(2) [-2] = —[2]. 
Proof. (1) 
[xe] = {ye NH: ary} 
= {ye NH:yeaitNH} 
= «+NH. 





(2) Obvious. 











Definition 3.7. Let NQ/NH be the collection of all equivalence classes of « € NH 
determined by 7. For [2], [y] € NQ/NH, we define the set [x]@[y] as 


(3.3) [x]6[y] = {[z] : 2 € ety}. 


Theorem 3.8. (NQ/NH,$) is a neutrosophic quadruple canonical hypergroup. 














Proof. Same as the classical case and so omitted. 
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Theorem 3.9. Let (NQ,+) be a neutrosophic quadruple canonical hypergroup and 
let NH be a normal neutrosophic quadruple subcanonical hypergroup of NQ. Then, 
for any x,y © NH, the following are equivalent: 

(1) ce y+NH, 

(2) ya C NH, 

(3) (yin) ANH £2 


Proof. Same as the classical case and so omitted. 














Theorem 3.10. Let 6: NQ; > NQ2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) Kerd is not a neutrosophic quadruple subcanonical hypergroup of NQ:, 

(2) Imé@ is a neutrosophic quadruple subcanonical hypergroup of NQo. 


Proof. (1) Since it is not possible to have $((0, T, 0,0)) = o((0,0,0,0)), d((0, 0, Z, 0)) 

#((0,0,0,0)) and 4((0, 0,0, F’)) = 4((0,0,0,0)), it follows that (0, 7,0, 0), (0, 0, I, 0) 

and (0,0,0, fF’) cannot be in the kernel of ¢. Consequently, Kerd cannot be a neu- 

trosophic quadruple subcanonical hypergroup of NQ,. 
(2) Obvious. 














Remark 3.11. If ¢: NQ, — NQz is a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple canonical hypergroups, then Kerd@ is a subcanon- 
ical hypergroup of NQ,. 


Theorem 3.12. Let 6: NQ; — NQz2 be a neutrosophic quadruple strong homo- 
morphism of neutrosophic quadruple canonical hypergroups. Then 

(1) NQi/Keré is not a neutrosophic quadruple canonical hypergroup, 

(2) NQi/Keré is a canonical hypergroup. 


Theorem 3.13. Let NH be a neutrosophic quadruple subcanonical hypergroup of 
the neutrosophic quadruple canonical hypergroup (NQ,+). Then the mapping ¢ : 
NQ > NQ/NH defined by ¢(x) = x+NH is not a neutrosophic quadruple strong 
homomorphism. 


Remark 3.14. Isomorphism theorems do not hold in the class of neutrosophic 
quadruple canonical hypergroups. 


Lemma 3.15. Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic 
quadruple hyperring (NQ,+, x). Then 

(1) -NJ=NJ, 

(2) ciNJ=NJ, for allae NJ, 

(3) exNJ=NJ, for alla e NJ. 


Theorem 3.16. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 

(1) NJN NK is a neutrosophic quadruple hyperideal of NQ, 

(2) NJ x NK is a neutrosophic quadruple hyperideal of NQ, 

(3) NJ+NK is a neutrosophic quadruple hyperideal of NQ. 


Theorem 3.17. Let NJ be a normal neutrosophic quadruple hyperideal of a neu- 
trosophic quadruple hyperring (NQ,+, x). Then 
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(1) (ct NJ)FH(ytNJ) = (aty)tN J, for all z,y € NJ, 
(2) (ct NJ)X(ytNJ) = (axy)tQNJ, for all z,y € NJ, 
(3) ct NJ=yt4N J, for ally €atNJ. 





Theorem 3.18. Let NJ and NK be neutrosophic quadruple hyperideals of a neu- 
trosophic quadruple hyperring (NQ,+, x) such that NJ is normal in NQ. Then 
(1) NJN NK is normal in NJ, 
(2) NJ+NK is normal in NQ, 
(3) NJ is normal in NJ+NK. 


Let NJ be a neutrosophic quadruple hyperideal of a neutrosophic quadruple 
hyperring (NQ,+, x). For all x € NQ, the set NQ/NJ is defined as 


(3.4) NQ/NJ = {zt+NJ: 2 € NQ}. 

For [2], [y] € NQ/NJ, we define the hyperoperations 6 and ® on NQ/NJ as follows: 
(3.5) [x]S[y] = {[2] : 2 € ety}, 

(3.6) [z][y] = {[2] : z € exy}. 


It can easily be shown that (NQ/NH, 4, ®) is a neutrosophic quadruple hyperring. 


Theorem 3.19. Let 6: NQ — NR be a neutrosophic quadruple strong homomor- 
phism of neutrosophic quadruple hyperrings and let NJ be a neutrosophic quadruple 
hyperideal of NQ. Then 
(1) Kerd is not a neutrosophic quadruple hyperideal of NQ, 
2) Imé¢ is a neutrosophic quadruple hyperideal of NR, 
3) NQ/Keré is not a neutrosophic quadruple hyperring, 
4) NQ/Im¢@ is a neutrosophic quadruple hyperring, 
5) The mapping i»: NQ > NQ/NJ defined by (x) =2+N J, for all x € NQ 
is not a neutrosophic quadruple strong homomorphism. 


Remark 3.20. The classical isomorphism theorems of hyperrings do not hold in 
neutrosophic quadruple hyperrings. 


4. CONCLUSION 


We have developed neutrosophic quadruple algebraic hyperstrutures in this pa- 
per. In particular, we have developed new neutrosophic algebraic hyperstructures 
namely neutrosophic quadruple semihypergroups, neutrosophic quadruple canonical 
hypergroups and neutrosophic quadruple hyperrings. We have presented elementary 
properties which characterize the new neutrosophic algebraic hyperstructures. 


Acknowledgements. The authors thank all the anonymous reviewers for useful 
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1. INTRODUCTION 


Tn 1965, Zadeh [20] had introduced a concept of a fuzzy set as the generalization 
of a crisp set. In 1986, Atanassove [1] proposed the notion of intuitionistic fuzzy set 
as the generalization of fuzzy sets considering the degree of membership and non- 
membership. In 1998 Smarandache [19] introduced the concept of a neutrosophic set 
considering the degree of membership, the degree of indeterminacy and the degree 
of non-membership. Moreover, Salama et al. [15, 16, 18] applied the concept of 
neutrosophic crisp sets to topology and relation. 

After that time, many researchers [2, 3, 4, 5, 7, 8, 10, 12, 13, 14] have inves- 
tigated fuzzy sets in the sense of category theory, for instance, Set(H), Set¢(H), 
Set,(H), Fuz(H). Among them, the category Set(H) is the most useful one as the 
*standard” category, because Set(H) is very suitable for describing fuzzy sets and 
mappings between them. In particular, Carrega [2], Dubuc [3], Eytan [4], Goguen 
[5], Pittes [12], Ponasse [13, 14] had studied Set(H) in topos view-point. However 
Hur et al. investigated Set(H) in topological view-point. Moreover, Hur et al. [8] 
introduced the category ISet(H) consisting of intuitionistic H-fuzzy sets and mor- 
phisms between them, and studied ISet(H) in the sense of topological universe. 
Recently, Lim et al [10] introduced the new category VSet(H) and investigated it 
in the sense of topological universe. 
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The concept of a topological universe was introduced by Nel [11], which implies a 
Cartesian closed category and a concrete quasitopos. Furthermore the concept has 
already been up to effective use for several areas of mathematics. 

In this paper, first, we obtain some properties of neutrosophic crisp sets proposed 
by Salama and Smarandache [17] in 2015. Second, we introduce the category NCSet 
consisting of neutrosophic crisp sets and morphisms between them. And we prove 
that the category NCSet is topological and cotopological over Set (See Theorem 
4.6 and Corollary 4.8), where Set denotes the category consisting of ordinary sets 
and ordinary mappings between them. Furthermore, we prove that final episinks 
in NCSet are preserved by pullbacks(See Theorem 4.10) and NCSet is Cartesian 
closed over Set (See Theorem 4.15). 


2. PRELIMINARIES 


In this section, we list some basic definitions and well-known results from [6, 9, 11] 
which are needed in the next sections. 


Definition 2.1 ([9]). Let A be a concrete category and ((Y;,€;)) 7 a family of objects 
in A indexed by a class J. For any set X, let (f; : X — Y;); be a source of mappings 
indexed by J. Then an A-structure € on X is said to be initial with respect to (in 
short, w.r.t.) (X, (f;), (Yj, &))u, if it satisfies the following conditions: 

(i) for each j € J, f; : (X,€) > (Y;,€;) is an A-morphism, 

(ii) if (Z, p) is an A-object and g: Z  X is a mapping such that for each j € J, 
the mapping f; 0g : (Z,p) — (Yj, ;) is an A-morphism, then g : (Z, p) + (X, €) is 
an A-morphism. 

In this case, (f; : (X,&) > (Y;,6;))z is called an initial source in A. 


Dual notion: cotopological category. 


Result 2.2 ({9], Theorem 1.5). A concrete category A is topological if and only if 
it 1s cotopological. 


Result 2.3 ((9], Theorem 1.6). Let A be a topological category over Set, then it is 
complete and cocomplete. 


Definition 2.4 ((9]). Let A be a concrete category. 
(i) The A-fibre of a set X is the class of all A-structures on X. 
(ii) A is said to be properly fibred over Set, it satisfies the followings: 
(a) (Fibre-smallness) for each set X, the A-fibre of X is a set, 
(b) (Terminal separator property) for each singleton set X, the A-fibre of X 
has precisely one element, 
(c) if € and 7 are A-structures on a set X such that id: (X,€) > (X,7) and 
id: (X,7) > (X,€) are A-morphisms, then € = 7. 


Definition 2.5 ([6]). A category A is said to be Cartesian closed, if it satisfies the 
following conditions: 

(i) for each A-object A and B, there exists a product A x B in A, 

(ii) exponential objects exist in A, i.e., for each A-object A, the functor A x — : 
A-— A has a right adjoint, i.e., for any A-object B, there exist an A-object BA 
and a A-morphism e4,p : A x B4 + B (called the evaluation) such that for any 
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A-object C and any A-morphism f : Ax C — B, there exists a unique A-morphism 
f :C > BA such that the diagram commutes: 


Definition 2.6 (({6]). A category A is called a topological universe over Set, if it 
satisfies the following conditions: 

(i) A is well-structured, i.e. (a) A is concrete category; (b) A satisfies the fibre- 
smallness condition; (c) A has the terminal separator property, 

(ii) A is cotopological over Set, 

(iii) final episinks in A are preserved by pullbacks, i.e., for any episink (g; : X; > 
Y),; and any A-morphism f : W — Y, the family (e; : U; - W),, obtained by 
taking the pullback f and gj, for each 7 € J, is again a final episink. 


3. NEUTROSOPHIC CRISP SETS 


In [17], Salama and Smarandache introduced the concept of a neutrosophic crisp 
set in a set X and defined the inclusion between two neutrosophic crisp sets, the 
intersection [union] of two neutrosophic crisp sets, the complement of a neutrosophic 
crisp set, neutrosophic crisp empty [resp., whole] set as more than two types. And 
they studied some properties related to neutrosophic crisp set operations. However, 
by selecting only one type, we define the inclusion, the intersection [union], and 
neutrosophic crisp empty [resp., whole] set again and find some properties. 


Definition 3.1. Let X be a non-empty set. Then A is called a neutrosophic crisp 
set (in short, NCS) in X if A has the form A = (Aj, Ao, A3), 
where Aj, Aj, and A3 are subsets of X, 

The neutrosophic crisp empty [resp., whole] set, denoted by dy [resp., Xn] is an 
NCS in X defined by dn = (¢,¢,X) [resp., Xn = (X,X,¢)]. We will denote the 
set of all NCSs in X as NC'S(X). 

In particular, Salama and Smarandache [17] classified a neutrosophic crisp set as 
the followings. 

A neutrosophic crisp set A = (Aj, Ag, As) in X is called a: 

(i) neutrosophic crisp set of Type 1 (in short, NCS-Type 1), if it satisfies 


A, Ag = AgN As = A3N Al = 4, 


(ii) neutrosophic crisp set of Type 2 (in short, NCS-Type 2), if it satisfies 
A, Ag = AoN A3 = A3N Ay = gand A; U AgU A3 = X, 
(iii) neutrosophic crisp set of Type 3 (in short, NCS-Type 3), if it satisfies 
A,N AgN As = @ and A, U Ag U Az =X. 
We will denote the set of all NCSs-Type 1 [resp., Type 2 and Type 3] as NCS,(X) 
[resp., NC'S2(X) and NC'S3(X)]. 


Definition 3.2. Let A = (Aj, Ao, A3), B = (Bi, Bo, Bs) € NCS(X). Then 
(i) A is said to be contained in B, denoted by A C B, if 
Ay c By, A g C Bog and A3 > Bs, 
(ii) A is said to equal to B, denoted by A = B, if 
AC Band BCA, 
(iii) the complement of A, denoted by A‘, is an NCS in X defined as: 


Af = (A3, A3, A1), 
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(iv) the intersection of A and B, denoted by AN B, is an NCS in X defined as: 
AN B= (Ai N By, Ao Bo, A3 U Bs), 

(v) the union of A and B, denoted by AU B, is an NCS in X defined as: 
AUB = (A, U Bi, Ag U Bg, A3 N Bs). 


Let (Aj )je7 Cc NCS(X), where Aj = (Aj,1, Aj,2, Aj,3)- Then 
(vi) the intersection of (A;)je 7, denoted by (),<, Aj (simply, (] Aj), is an NCS 


in X defined as: 
(45 = (Anas f)4i2,U Ais), 
(vii) the the union of (Aj) je7, denoted by Uj<7 A; (simply, U Aj), is an NCS in 


X defined as: 
U4; = (U4jr-U 45.2.1 Ai). 


The followings are the immediate results of Definition 3.2. 


Proposition 3.3. Let A,B,C ¢ NCS(X). Then 
(1) dy CAC Xn, 

2) ifAC Band BCC, then ACC, 

JANBCAandANBCB, 

)ACAUB and BCAUB, 

) ACB éf and only if ANB=A, 


( 
(3 
(4 
(5 
(6) AC B if and only if AUB=B. 


Also the followings are the immediate results of Definition 3.2. 


Proposition 3.4. Let A,B,C ¢ NCS(X). Then 

1) (idempotent laws): AU A= A, ANA=A, 

) (Commutative laws): AUB= BUA, ANB=BQOA, 

3) (Associative laws): AU (BUC) = (AUB)UC, AN(BNC)=(ANB)NC, 
4) (Distributive laws): AU(BNC) =(AUB)N (AUC), 
AN(BUC)=(ANB)U(ANG), 

5) (Absorption laws): AU(AN B) = A, AN(AUB)=A, 

6) (DeMorgan’s laws): (AU B)® = A°N B°, (AN B)® = ATUBS, 
7) (A) =A, 

8) (8a) AUdy = A, AN On = On, 

Gb) AUS go Xe, Anke = A 

(8c) Xf = on, ON = XN, 

(8d) in general, AU ASA Xn, AN ASF Oy. 


Proposition 3.5. Let Ac NCS(X) and let (A;)je7 C NCS(X). Then 
(1) (MV A;)° = UA§, (U5) = N45, 
(2) AN (UA;) = U(AN Aj), AU (1 Aj) = (AU 5). 
Proof. (1) Aj = Aj1,Aj,2, Aj,3)- Then () A; = (M Aj.1,{\ Aj,2,U Aj,3)- Thus 
((A5)° = (VU Aj,3, (45,2) 11 43,1) = (U 43,3, 0 Af 2,11 43,1) = U AS. 
Similarly, the second part is proved. 
(2) Let A= (Aj, Ag, As). Then 
AU (fV Aj) = (Ai U (fF Aj,1), Ao U (1) Aj,2), As 9 (U Aj,3)) 
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= ((W(A1 U Aj,1), (Aa U 45,2), U(As 9 Aj,3) 
=(\(AU Aj). 
Similarly, the first part is proved. 














Definition 3.6. Let f : X — Y bea mapping, and let A = (Aj, Az, A3) € NCS(X) 
and B= (B, Bo, B3) E NCS(Y). Then 
(i) the image of A under f, denoted by f(A), is an NCS in Y defined as: 


f(A) = (f(A1), f(A2), f(As)), 
(ii) the preimage of B, denoted by f~!(B), is an NCS in X defined as: 


f (8) = "Gist (6), a). 


Proposition 3.7. Let f : X — Y be a mapping and let A,B,C € NCS(X), 
(A;);ex C NCS(X) and D,E,F € NCS(Y), (De)kex C NCS(Y). Then the 
followings hold: 

1) if BCC, then f(B) Cc f(C) and if EC F, then f-'(E) C f-1(F). 

Ac I 1 f(A)) and if f is injective, then A= f—'f(A)), 

f(f-1(D)) C D and if f is eagles then f(f-1(D)) = D, 

f\(U De) =U f(D), (De) = NF -(Dr), 

HUA; =UF(4j), FAs) CN FCAD), 

6) f(A) = on éf and only if A= dn and hence f(dn) = on, in particular if f 
is surjective, then f(Xn) = Yn, 

7) f- (Yn) = Yn, fo'(on) = 


Definition 3.8 ({17]). Let A = (Aj, Az, As) € NCS(X), where X is a set having 
at least distinct three points. Then A is called a neutrosophic crisp point (in short, 
NCP) in X, if Ay, Ag and Az are distinct singleton sets in X. 

Let A, = {pi}, Ao = {po} and As = {ps3}, where p; 4 po # ps3 © X. Then 
A = (A), Az, A3) is an NCP in X. In this case, we will denote A as p = (p1, p2, p3). 
Furthermore, we will denote the set of all NCPs in X as NCP(X). 


Definition 3.9. Let A = (Aj, A2,A3) € NCS(X) and let p = (pi,p2,p3) € 
NCP(X). Then p is said to belong to A, denoted by p € A, if {p,} C Aj, {po} C Az 
and {p3}° > A3, ie., pi: € Ai, po € Ag and p3 € AS. 


Proposition 3.10. Let A = (Aj, A2, A3) € NCS(X). Then 
A=|J{p € NCP(X) : pe€ A}. 


Proof. Let p = (p1, p2,p3) € NCP(X). Then 
U{p € NCP(X) : pe A} 
= (U{pi € X : pr € Ai}, U{p2 © X : pe € Ao}, {ps © X : p3 € AZ} 
=A. 


Proposition 3.11. Let A = (Aj, A2,A3),B = (Bi, Bo, Bs) © NCS(X). Then 
ACB if and only if p € B, for each pé€ A. 


2) 
3) 
4) 
5) 

















Proof. Suppose A C B and let p = (pi, p2,p3) € A. Then 


Aj Cc By, Ao Ec Bo, A3 > Bg 
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and 





pi € Ai, p2 € Ag, p3 € A3. 
Thus p; € By, p2 € Bo, ps3 € Bs. So pe B. 
Proposition 3.12. Let (A;)jez7 C NCS(X) and let p€ NCP(X). 
1) pe (\A; if and only if p € A; for each j € J. 
2) p€ UA, if and only if there exists 7 € J such that p € Aj. 

















Proof. Let Aj = (Aj,1, Aj,2, Aj,3) for each 7 € J and let p= (p1, P2, P3)- 
1) Suppose p € () Aj. Then pi € () Aj,1,p2 € (1 Aj,2,P3 € UAS3. Thus 
Pi € Aji, p2 © Aj,2,p3 € Ajs, for each j € J. So p € A; for each j € J. 
We can easily see that the sufficient condition holds. 
2) suppose the necessary condition holds. Then there exists 7 € J such that 





pi € Aji, pe © Aj,2,p3 € Aj 3. 


Thus p; € U Aj,1, p2 € U Aj,2, ps € (1 Ay,3)°. So p € U Aj. 
We can easily prove that the necessary condition holds. 














Definition 3.13. Let f : X — Y be an injective mapping, where X,Y are sets 
having at least distinct three points. Let p = (pi,p2,p3) € NCP(X). Then the 
image of p under f, denoted by f(p), is an NCP in Y defined as: 


f(p) = (fli); f(p2), F(ps)). 


Remark 3.14. In Definition 3.13, if either X or Y has two points, or f is not 
injective, then f(p) is not an NCP in Y. 


Definition 3.15 ([17]). Let A = (A1, A2, As) € NCS(X) and B = (By, Ba, Bs) € 
NCS(Y). Then the Cartesian product of A and B, denoted by A x B, is an NCS 
in X x Y defined as: A x B= (Ay x By, Ao x Bo, A3 x B3). 


4. PROPERTIES OF NCSet 


Definition 4.1. A pair (X, A) is called a neutrosophic crisp space (in short, NCSp), 
if Ae NCS(X). 


Definition 4.2. A pair (X, A) is called a neutrosophic crisp space-Type j (in short, 
NCSp-Type j), if Ae NCS;(X), 7 =1,2,3. 


Definition 4.3. Let (X, Ax), (Y, Ay) be two NCSps or NCSps-Type j, 7 = 1, 2,3 
and let f : X + Y bea mapping. Then f : (X, Ax) — (Y, Ay) is called a morphism, 
if Ax Cc f-!(Ay), equivalently, 
Axi C f7'(Ayi1), Ax,2 C f7}(Ay2) and Ax,3 D f7(Ay,3), 
where Ax = (Ax1,Ax,2,Ax33) and Ay = (Aya, Ay, Ay,3). 
In particular, f : (X,Ax) — (Y, Ay) is called an epimorphism [resp., a monomor- 
phism and an isomorphism], if it is surjective [resp., injective and bijective]. 


From Definitions 3.9, 4.3 and Proposition 3.11, it is obvious that 
f : (X,Ax) — (Y, Ay) is a morphism 
if and only if 
p = (p1,P2,p3) € f-*(Ay), for each p = (p1,p2,p3) € Ax, ie., 


f(pi) € Ay, f(p2) € Ay,2, f(p3) ¢ Ay;a, ie., 
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f(p) = (f(p1), f(p2), f(ps)) € Ay. 


The following is an immediate result of Definitions 4.3. 


Proposition 4.4. For each NCSp or each NCSps-Type j (X, Ax), 7 = 1,2,3, the 
identity mapping id : (X, Ax) > (X, Ax) is a morphism. 


Proposition 4.5. Let (X, Ax), (Y, Ay), (Z,Az) be NCSps or NCSps-Type j, j = 
1,2,3 and let f: X > Y,g:Y — Z be mappings. If f : (X,Ax) > (Y, Ay) 
and f : (Y, Ay) > (Z,Az) are morphisms, then go f : (X,Ax) > (Z,Az) is a 


morphism. 


Proof. Let Ax = (Ax,1, Ax,2,Ax,3), Ay = (Ay, Ay,2, Ay,3) and Az = (Azi, Az, 
Az). Then by the hypotheses, Ax Cc f~!(Ay) and Ay Cc g7!(Az). Thus by 
Definition 4.3, 

Axi C f~'(Ayi), Ax,2 C f7'(Ay2), Ax3 D f7'(Ay,3) 
and 

Ay, C g7'(Az1), Ay,2 C 97*(Az,2), Ay,3 D g7*(Az,3)- 
So Ax, C f-'(g7'(Az,1)), Ax,2 C f7"(g7"(Az,2)), Ax,3 D> f7"(g7* (Az). 
Hence Ax C (go f)~*(Az1), Ax,2 C (9° f)~"(Az2), Ax3 D (g° f)7* (Az). 
Therefore go f is a morphism. 














From Propositions 4.4 and 4.5, we can form the concrete category NCSet [resp., 
NCSet;| consisting of NCSs [resp., -Type j, 7 = 1,2,3] and morphisms between 
them. Every NCSet [resp., NCSet;, j = 1, 2,3]-morphism will be called a NCSet 
[resp., NCSet;, 7 = 1,2, 3]-mapping. 


Theorem 4.6. The category NCSet is topological over Set. 


Proof. Let X be any set and let ((X;,A;))j;e7 be any families of NCSps indexed 
by a class J. Suppose (f; : X — (X,;,A;)) 7 is a source of ordinary mappings. We 
define the NCS Ax in X by Ax = Die Ad) and Ax = (Ax 1,Ax2,Ax,3)- 
Then clearly, Ax = () fy (Aga), Ax. = () fj *(Aj.2); Ax3 = U fy (Aga): 
Thus (X, Ax) is an NCSp and Ax, C fj (Aji), Ax,2 C fj *(Aj2) and Ax,3 D 
fj * (Aja)- So each f; : (X, Ax) > (X;,A;) is an NCSet-mapping. 

Now let (Y, Ay) be any NCSp and suppose g: Y + X is an ordinary mapping 
for which f; 0g: (Y, Ay) > (X;,A;) is a NCSet-mapping for each j € J. Then for 
each j € J, Ay C (f;09)-(4j) = 9M fy (Ay). Thus 


Ay C (f50.9) (Aj) = 9 (7 (Aa) = 9 (Ax). 


So g: (Y, Ay) > (X, Ax) is an NCSet-mapping. Hence (f; : (X, Ax) > (Xj, Aj;)7 
is an initial source in NCSet. This completes the proof. 

















Example 4.7. (1) Let X be a set, let (Y, Ay) be an NCSp and let f : X > Y be 
an ordinary mapping. Then clearly, there exists a unique NCS Ax in X for which 
f : (X, Ax) > (Y, Ay) is an NCSet-mapping. In fact, Ax = f~'(Ay). 
In this case, Ax is called the inverse image under f of the NCS structure Ay. 
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(2) Let ((X;,A;))j;e7 be any family of NCSps and let X = IljeyX,;. For each 
j € J, let pr; : X — X; be the ordinary projection. Then there exists a unique NCS 
Ax in X for which pr; : (X,Ax — (X;,A;) is an NCSet-mapping for each j € J. 
In this case, Ax is called the product of (A;)j;e7, denoted by 
and (ILX,,II[A;) is called the product NCSp of ((X;, A;j))je,. 
In fact, Ax = Ayer rz (Ay). 
In particular, if J= {1, 2}, then Ay x Ag = (Ali x Aoi, A1,2 x Ag, A1,3 x Ao,3), 
where Aj => (Aj1, A1,2, A1,3) € NCS(X1) and Ag => (Az, A2,2, A2,3) € NCS(X2). 
The following is obvious from Result 2.2. But we show directly it. 
Corollary 4.8. The category NCSet is cotopological over Set. 


Proof. Let X be any set and let ((X;,A;))7 be any family of NCSps indexed by a 
class J. Suppose (f; : X; — X),7 is a sink of ordinary mappings. We define Ax as 
Ax = LI) FAs), where Ax = (Ax 1, Ax,2,Ax3) and A; = (Apt 6 As 4). Then 
clearly, Ax € NC'S(X) and each f; : (X;,A;) + (X, Ax) is an NCSet-mapping. 
Now for each NCSp (Y, Ay), let g : X — Y be an ordinary mapping for which 
each go f; : (X;,A;) > (Y, Ay) is an NCSet-mapping. Then clearly for each j € J, 
A; C (go fj)" (Ay), ie, Ay C £7 "(97 * (Ay). 
Thus UA; C US; (g-(Ay)). So f(UAs) © Fi(U SF (7 (Ay))). By Proposi- 
tion 3.7 and the definition of Ax, 


f(s) = f(A) = Ax 
and 
KU Fg Ay) = U6 8 FG Ay) = 9 (Ay). 
Hence Ax Cc g~!(Ay). Therefore g : (X, Ax) - (Y, Ay) is an NCSet-mapping. 
This completes the proof. 














The following is proved similarly as the proof of Theorem 4.6. 
Corollary 4.9. The category NCSet,; is topological over Set for j = 1, 2,3. 
The following is proved similarly as the proof of Corollary 4.8. 
Corollary 4.10. The category NCSet; is cotopological over Set for 7 = 1, 2,3. 
Theorem 4.11. Final episinks in NCSet are prserved by pullbacks. 


Proof. Let (g; : (X;,A;) > (Y,Ay)), be any final episink in NCSet and let f : 
(W, Aw) > (Y, Ay) be any NCSet-mapping. For each j € J, let 


U; ={(w,2;) € W x X;: f(w) = 9;(x;)}. 
For each j € J, we define the NCS Ay, = (Au, ,,Au;.2,Au;,3) in U; by: 
Ary, = Aw x Aji, Ais = Aw. x Aj,2, Au; = Aw3 x Aj,3- 
For each j € J, let e; : U; — W and p; : U; — X; be ordinary projections of U;. 
Then clearly, 
Ay, Ce; (Awa), Avy, C ej (Aw), Au;s > ej (Awa) 
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and 

Aly, 4 Cc p; (Ay), Aina c p; (Ay,2), Au; > p; (Aj,3). 
Thus Ay, C ej (Aw) and Ay, C p; (Aj). So e; : (U;,Au,) + (W, Aw) and 
p; : (U;, Au,;) + (Xj, Aj) are NCSet-mappings. Moreover, gn opp, = f oe; for each 
j € J, i.e., the diagram is a pullback square in NCSet: 








(U;, Au;) Pi ~ (Ka Ag) 
ej Gj 
(W, Aw) > (Y, Ay). 
nd 


Now in order to prove that (e;) 7 is an episink in NCSet, i.e., each e, is surjective, 
let w € W. Since (g;)7 is an episink, there exists 7 € J such that g;(a;) = f(w) 
for some x; € X;. Thus (w,z,;) € U; and w = e;(w,2;). So (e;)7 is an episink in 
NCSet. 

Finally, let us show that (e;)7 is final in NCSet. Let Aj, be the final structure 
in W wert. (e;)7 and let w = (wi, we, ws) € Aw. Since f : (W, Aw) — (Y, Ay) is 
an NCSet-mapping, by Definition 3.9, 

wy Ee Aw. M f+ (Ay), we. € Aw. NM f-*(Ay.2) and w3 € Aw.3 M (fl (Ay,3))°. 
Thus 

Wre Awa, f(w1) E Ay, w2€ Aw,2, f (we) € Ay and w3 € Avy.3, f (ws) E Ay 3. 
Since (g;), is final, 


wi € Awa, 251€U U Aj, 
F mpsen- "(i) 


we © Awa, 25,2 € U U Ajo 
J 25,2€9;'(f(w)) 
and 
W3 € Aw.3) 5,3 €E (() () Aj,3)°. 
J 23,3€95 *(f(w)) 
So (wi, 21) € Au, ., (w2,2j,2) € Au, and (w3,2;,3) € AG,,. Since Ajy is the 
final structure in W w.r.t. (e;)7, w € Ajy, ie, Aw C Aj. On the other hand, 
since (e; : (Uj, Au,) + (W, Aw))z is final, lw : (W, Aj) > (W, Aw) is an NCSet- 
mapping and thus Af, C Aw. Hence Aj, = Aw. Therefore (e,;),7 is final. This 
completes the proof. 














The following is proved similarly as the proof of Theorem 4.9. 
Corollary 4.12. Final episinks in NCSet; are prserved by pullbacks, for J = 1,2,3. 
For any singleton set {a}, NCS A,,} [resp., NCS-Type j Aya},;, for 7 = 1, 2,3] 
on {a} is not unique, the category NCSet [resp., NCSet;, for 7 = 1,2,3] is not 
properly fibred over Set. Then by Definition 2.6, Corollary 4.8 and Theorem 4.11 


[resp., Corollaries 4.10 and 4.12], we have the following result. 
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Theorem 4.13. The category NCSet /resp., NCSet;, for 7 = 1,2,3/ satisfies 
all the conditions of a topological universe over Set except the terminal separator 
property. 

The following is an immediate result of Definitions 3.9 and 3.15. 


Proposition 4.14. Let p = (pi, p2,p3),¢ = (41, 92,93) € NCP(X) and let A = 
(Ay, Ag, A3), B = (B,, Bo, Bs) E NCS(X). Then (p,q) € AxB if and only if 
(p1,q1) € Ai x Bi, (p2,q2) € Az x Bz and (p3,q3) € (Az x B2)°, i.e., p3 € A§ or 
qa € Bs. 


Theorem 4.15. The category NCSet is Cartesian closed over Set. 


Proof. It is clear that NCSet has products by Theorem 4.6. Then it is sufficient to 
see that NCSet has exponential objects. 

For any NCSps X = (X, Ax) and Y = (Y, Ay), let Y* be the set of all ordinary 
mappings from X to Y. We define the NCS Ayx = (Ayx 4, Ayx 2, Ayx.3) in Y* 
by: for each f = (fi, fo, fs) € Y*, f € Ayx if and only if f(x) € Ay, for each 
L = (#1, %2,2%3) € NCP(X), ie., 

fi € Ayx 1, fo € Ayx 2, fs € Ayx.s 
if and only if 
fi(vi) € Ay,1, fo(a2) € Ay,2, f3(%3) ¢ Ay,3. 
In fact, 
Ayx i ={fi€ Y~* : fi(ai) € Ay for each x; € X}, 
Ayx 9 = {fa € Y~ : folate) € Ay for each r2 € X}, 
Ayx 3 = {fs E ys f3(x3) ¢ Ay.3 for some 73 € X}. 
Then clearly, (Y*, Ayx) is an NCSp. 

Let Y* = (Y*, Ayx). Then by the definition of Ay-x, 

Ayx1C f7* (Aya), Ayx2C f~*(Ay,2) and Ayx,3 D f7*(Ay,3). 

We define ex y : X x Y* + Y by ex y(a, f) = f(x), for each (a, f) € X x Y*. 
Let (a, f) € Ax x Ayx, where x = (21, 22,23), f = (fi, fa, fg). Then by Proposition 
4.14 and the definition of ex y, 

(21, f1) € Ax, X Ayx 1, (®2, fo) € Ax,2 x Ayx 2, (#3, fg) € (Ax,3 x Ayx,3)° 
and 


ex,y (£1, fi) = fila), ex,y (Xo, fo) = fo(x2), ex y(X3, fz) = fs(x3). 
Thus by the definition of Ayx, 


(1, fi) € f-* (Aya) x f-"(Aya), 
(w2, fo) € f- (Axa) x f- (Ax), 
(ws, fs) € (f-*(Ax,3) x (f-"(Ax,3))*. 

So (a1, fi) € ex y(Ay,1), (xa, fo) € ex y (Ay,2) and (x3, fz) € (exy (Ay,3))* Hence 

Ax x Ayx C ex'y (Ay). Therefore ex y : X X Y* — Y is an NCSet-mapping. 
For any Z = (Z, Az) € NCSet, let h : X x Z— Y be an NCSet-mapping. We 
define h : Z > Y* by [h(z)](x) = h(a, z), for each z € Z and each x € X. Let 
(a, z) € Ax x Az, where x = (#1, %2,%3) and z = (21, 22,23). Sinceh: Xx Z> Y 


is an NCSet-mapping, 
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Ax x Aza GCG h-\(Ay.1), Ax,2 x Az,2 Cc h—"(Ay.2), Ax3 x Az.3 ») h-\(Ay,1). 

Then by Proposition 4.14, 

(21,21) € h7*(Ay,1), (w2, 22) € h*(Ay,2), (a3, 23) € (h7*(Ay,3))°. 
Thus h((x1, 21)) € Ay, h((x2, 22)) € Ay,2, h(a, 23)) € (Ay,3)°- 
By the definition of h, | 7 

[h(z1)](t1) € Ay,1, [R(Z2)] (a2) € Ay,2, [R(23)](@3) € (Ay,3)°. 
By the definition of Ayx, - 7 

[R(21)|(Aza) C Ayx.a, [a(z2)\(Aza) C Axa, [B(zs)|(Aza) > Avxs. 
So Az C h7}(Ayx). Hence h: Z + Y* is an NCSet-mapping. Furthermore, h 
is the unique NCSet-mapping such that ex,y o (lx x h) =h. This completes the 
proof. 














The following is proved similarly as the proof of Theorem 4.15. 
Corollary 4.16. The category NCSet; is Cartesian closed over Set for 7 = 1,2,3. 


5. CONCLUSIONS 


For a non-empty set X, by defining a neutrosophic crisp set A = (Aj, Ag, As) and 
an intuitionistic crisp set A = (A,, Az) in X, respectively as follows: 

(i) Ay C X, Ao C X, Ag C Xx, 

(ii) AyC AS, As Cc AS, 
and 

(i) A, C X,Ao CX, 

(ii) Ai CAS, 
we can form another categories NCSet, and ICSet. Furthermore, we will study 
them in view points of a topological universe and obtain some relationship between 
them. 








Acknowledgements. We are very grateful for the positive advices Prof. 
Smarandache and Prof. Agboola have given us. 


REFERENCES 


ay 


kK. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96. 

J. C. Carrega, The category Set(H) and Fzz(H), Fuzzy sets and systems 9 (1983) 327-332. 
E. J. Dubuc, Concrete quasitopoi Applications of Sheaves, Proc. Dunham1977, Lect. Notes 
in Math. 753 (1979) 239-254. 

4] M. Eytan, Fuzzy sets:a topological point of view, Fuzzy sets and systems 5 (1981) 47-67. 

J. A. Goguen, Categories of V-sets, Bull. Amer. Math. Soc. 75 (1969) 622-624. 

6] H. Herrlich, Catesian closed topological categories, Math. Coll. Univ. Cape Town 9 (1974) 
1-16. 

7| K. Hur, A Note on the category Set(H), Honam Math. J. 10 (1988) 89-94. 

8] K. Hur, H. W. Kang and J. H. Ryou, Intutionistic H-fuzzy sets, J. Korea Soc. Math. Edu. 
Ser. B:Pure Appl. Math. 12 (1) (2005) 33-45. 

9] C. Y. Kim, S. S. Hong, Y. H. Hong and P. H. Park, Algebras in Cartesian closed topological 
categories, Lecture Note Series Vol. 1 1985. 

[10] P. K. Lim, S. R. Kim and K. Hur, The category VSet(H), International Journal of Fuzzy 
Logic and Intelligent Systems 10 (1) (2010) 73-81. 

[11] L. D. Nel, Topological universes and smooth Gelfand Naimark duality, mathematical applica- 
tions of category theory, Pre. A. M.S. Spec. Sessopn Denver,1983, Contemporary Mathematics 
30 (1984) 224-276. 


wn 


ol 








53 


J. G. Lee et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 43-54 





12 
13 


14 
15 


16 


17 


18 


19 





20 


K 





A. M. Pittes, Fuzzy sets do not form a topos, Fuzzy sets and Systems 8 (1982) 338-358. 

D. Ponasse, Some remarks on the category Fuz(H) of M. Eytan, Fuzzy sets and Systems 9 
(1983) 199-204. 

D. Ponasse, Categorical studies of fuzzy sets, Fuzzy sets and Systems 28 (1988) 235-244. 
A. A. Salama, Said Broumi and Florentin Smarandache, Neutrosophic Crisp Open Set and 
Neutrosophic Crisp Continuity via Neutrosophic Crisp Ideals, in Neutrosophic Theory and Its 
Applications. Collected Papers, Vol. I, EuropaNova asbl, pp. 199-205, Brussels, EU 2014. See 
http: //fs.gallup.unm.edu/NeutrosophicTheoryApplications.pdf 

A. A. Salama, Said Broumi and Florentin Smarandache, Some Types of Neutrosophic Crisp 
Sets and Neutrosophic Crisp Relations, in Neutrosophic Theory and Its Applications. Collected 
Papers, Vol. I, EuropaNova asbl, pp. 378-385, Brussels, EU 2014. 

A. A. Salama and F. Smarandache, Neutrosophic Crisp Set Theory, The Educational Publisher 
Columbus, Ohio 2015. 

A. A. Salama, Florentin Smarandache and Valeri Kroumov, Neutrosophic Crisp Sets and Neu- 
trosophic Crisp Topological Spaces, in Neutrosophic Theory and Its Applications. Collected 
Papers, Vol. I, EuropaNova asbl, pp. 206-212, Brussels, EU 2014. 

F. Smarandache, Neutrosophy Neutrisophic Property, Sets, and Logic, Amer Res Press, Re- 
hoboth, USA 1998. 

L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353. 


. Hur (kulhur@wku.ac.kr) 


Division of Mathematics and Informational Statistics, Institute of Basic Natural Sci- 
ence, Wonkwang University, 460, Iksan-daero, Iksan-Si, Jeonbuk 54538, Korea 


P. K. Lim (pklim@wku.ac.kr) 
Division of Mathematics and Informational Statistics, Institute of Basic Natural Sci- 
ence, Wonkwang University, 460, Iksan-daero, Iksan-Si, Jeonbuk 54538, Korea 


J. G. LEE (jukolee@wku.ac.kr) 
Division of Mathematics and Informational Statistics, Institute of Basic Natural Sci- 
ence, Wonkwang University, 460, Iksan-daero, Iksan-Si, Jeonbuk 54538, Korea 


J. KIM (junhikim@wku.ac.kr) 
Department of Mathematics Education, Wonkwang University, 460, Iksan-daero, 
Iksan-Si, Jeonbuk 54538, Korea 


54 


Annals of Fuzzy Mathematics and Informatics 


Volume 14, No. 1, (July 2017), pp. 55-73 @FMI 
ISSN: 2093-9310 (print version) © Kyung Moon Sa Co. 
ISSN: 2287-6235 (electronic version) http: //www.kyungmoon.com 


http://www.afmi.or.kr 


Special types of bipolar single valued neutrosophic 
graphs 


ALI HASSAN, MUHAMMAD ASLAM MALIK, SAID BRouMI, ASSIA BAKALI, 
MOHAMED TALEA, FLORENTIN SMARANDACHE 


Received 16 February 2017; Revised 28 February 2017; Accepted 20 March 2017 





ABSTRACT. Neutrosophic theory has many applications in graph theory, 
bipolar single valued neutrosophic graphs (BSVNGs) is the generalization 
of fuzzy graphs and intuitionistic fuzzy graphs, SVNGs. In this paper we 
introduce some types of BSVNGs, such as subdivision BSVNGs, middle 
BSVNGs, total BSVNGs and bipolar single valued neutrosophic line graphs 
(BSVNLGs), also investigate the isomorphism, co weak isomorphism and 
weak isomorphism properties of subdivision BSVNGs, middle BSVNGs, 
total BSVNGs and BSVNLGs. 
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1. INTRODUCTION 


Neutrosophic set theory (NS) is a part of neutrosophy which was introduced 
by Smarandache [43] from philosophical point of view by incorporating the degree 
of indeterminacy or neutrality as independent component for dealing problems with 
indeterminate and inconsistent information. The concept of neutrosophic set the- 
ory is a generalization of the theory of fuzzy set [50], intuitionistic fuzzy sets [5], 
interval-valued fuzzy sets [47] interval-valued intuitionistic fuzzy sets [6]. The con- 
cept of neutrosophic set is characterized by a truth-membership degree (T), an 
indeterminacy-membership degree (I) and a falsity-membership degree (f) indepen- 
dently, which are within the real standard or nonstandard unit interval }~0,17[. 
Therefore, if their range is restrained within the real standard unit interval [0,1] : 
Nevertheless, NSs are hard to be apply in practical problems since the values of the 
functions of truth, indeterminacy and falsity lie in ]~0,1*[. The single valued neu- 
trosophic set was introduced for the first time by Smarandache [43]. The concept 
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of single valued neutrosophic sets is a subclass of neutrosophic sets in which the 
value of truth-membership, indeterminacy membership and falsity-membership de- 
grees are intervals of numbers instead of the real numbers. Later on, Wang et al. [49] 
studied some properties related to single valued neutrosophic sets. The concept of 
neutrosophic sets and its extensions such as single valued neutrosophic sets, interval 
neutrosophic sets, bipolar neutrosophic sets and so on have been applied in a wide 
variety of fields including computer science, engineering, mathematics, medicine and 
economic and can be found in [9, 15, 16, 30, 31, 32, 33, 34, 35, 36, 37, 51]. Graphs 
are the most powerful tool used in representing information involving relationship 
between objects and concepts. In a crisp graphs two vertices are either related or 
not related to each other, mathematically, the degree of relationship is either 0 or 1. 
While in fuzzy graphs, the degree of relationship takes values from [0,1]. Atanassov 
[42] defined the concept of intuitionistic fuzzy graphs (IFGs) using five types of 
Cartesian products. Theconcept fuzzy graphs, intuitionistic fuzzy graphs and their 
extensions such interval valued fuzzy graphs, bipolar fuzzy graph, bipolar intuition- 
itsic fuzzy graphs, interval valued intuitionitic fuzzy graphs, hesitancy fuzzy graphs, 
vague graphs and so on, have been studied deeply by several researchers in the liter- 
ature. When description of the object or their relations or both is indeterminate and 
inconsistent, it cannot be handled by fuzzy intuitionistic fuzzy, bipolar fuzzy, vague 
and interval valued fuzzy graphs. So, for this purpose, Smaranadache [45] proposed 
the concept of neutrosophic graphs based on literal indeterminacy (I) to deal with 
such situations. Later on, Smarandache [44] gave another definition for neutrosphic 
graph theory using the neutrosophic truth-values (T, I, F) without and constructed 
three structures of neutrosophic graphs: neutrosophic edge graphs, neutrosophic 
vertex graphs and neutrosophic vertex-edge graphs. Recently, Smarandache [46] 
proposed new version of neutrosophic graphs such as neutrosophic offgraph, neutro- 
sophic bipolar/tripola/multipolar graph. Recently several researchers have studied 
deeply the concept of neutrosophic vertex-edge graphs and presented several exten- 
sions neutrosophic graphs. In [1, 2, 3]. Akram et al. introduced the concept of 
single valued neutrosophic hypergraphs, single valued neutrosophic planar graphs, 
neutrosophic soft graphs and intuitionstic neutrosophic soft graphs. Then, followed 
the work of Broumi et al. [7, 8, 9, 10, 11, 12, 13, 14, 15], Malik and Hassan [38] 
defined the concept of single valued neutrosophic trees and studied some of their 
properties. Later on, Hassan et Malik [17] introduced some classes of bipolar single 
valued neutrosophic graphs and studied some of their properties, also the authors 
generalized the concept of single valued neutrosophic hypergraphs and bipolar sin- 
gle valued neutrosophic hypergraphs in [19, 20]. In [23, 24] Hassan et Malik gave 
the important types of single (interval) valued neutrosophic graphs, another impor- 
tant classes of single valued neutrosophic graphs have been presented in [22] and in 
[25] Hassan et Malik introduced the concept of m-Polar single valued neutrosophic 
graphs and its classes. Hassan et al. [18, 21] studied the concept on regularity and 
total regularity of single valued neutrosophic hypergraphs and bipolar single valued 
neutrosophic hypergraphs. Hassan et al. [26, 27, 28] discussed the isomorphism 
properties on SVNHGs, BSVNHGs and IVNHGs. Nasir et al. [40] introduced a new 
type of graph called neutrosophic soft graphs and established a link between graphs 


56 


Ali Hassan et al./Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 55-73 





and neutrosophic soft sets. The authors also studeied some basic operations of neu- 
trosophic soft graphs such as union, intersection and complement. Nasir and Broumi 
[41] studied the concept of irregular neutrosophic graphs and investigated some of 
their related properties. Ashraf et al. [4], proposed some novels concepts of edge reg- 
ular, partially edge regular and full edge regular single valued neutrosophic graphs 
and investigated some of their properties. Also the authors, introduced the notion 
of single valued neutrosophic digraphs (SVNDGs) and presented an application of 
SVNDG in multi-attribute decision making. Mehra and Singh [39] introduced a 
new concept of neutrosophic graph named single valued neutrosophic Signed graphs 
(SVNSGs) and examined the properties of this concept with suitable illustration. 
Ulucay et al. [48] proposed a new extension of neutrosophic graphs called neu- 
trosophic soft expert graphs (NSEGs) and have established a link between graphs 
and neutrosophic soft expert sets and studies some basic operations of neutrosophic 
soft experts graphs such as union, intersection and complement. The neutrosophic 
graphs have many applications in path problems, networks and computer science. 
Strong BSVNG and complete BSVNG are the types of BSVNG. In this paper, we 
introduce others types of BSVNGs such as subdivision BSVNGs, middle BSVNGs, 
total BSVNGs and BSVNLGs and these are all the strong BSVNGs, also we discuss 
their relations based on isomorphism, co weak isomorphism and weak isomorphism. 


2. PRELIMINARIES 


In this section we recall some basic concepts on BSVNG. Let G denotes BSVNG 
and G* = (V, E£) denotes its underlying crisp graph. 


Definition 2.1 ([10]). Let X be a crisp set, the single valued neutrosophic set 
(SVNS) Z is characterized by three membership functions Tz(x), Iz(x) and F'z() 
which are truth, indeterminacy and falsity membership functions, Vz € X 


Tz (x), Iz(a), Fz(x) € [0,1]. 


Definition 2.2 ({10]). Let X be a crisp set, the bipolar single valued neutrosophic 
set (BSVNS) Z is characterized by membership functions T(x), If (x), FF (2), 
Tz («), I7 (x), and FZ (x). That is Vz € X 


Tz (x), 17 (2), Fz (2) € (0, 1, 
Tz (x), 17 (x), Fz (2) € [= 1,0). 


Definition 2.3 ([10]). A bipolar single valued neutrosophic graph (BSVNG) is a 
pair G = (Y, Z) of G*, where Y is BSVNS on V and Z is BSVNS on F such that 


TZ (87) < min(Ty (8), TY (y)), IZ (By) = max(Iy (8), FF (7), 
Tz (87) < min(Ty (8), Ty (7), Fz (87) S min(Fy (8), Fy (y)), 
Fz (By) = max(FY (8), Fy (7)), Tz (87) = max(Ty (8), Ty (7), 





where 


0 < TF (6y) + 13 (81) + FZ (8m) <3 
—3 < Tz (By) + Iz (By) + Fz (87) < 0 


VB,yEV. 
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In this case, D is bipolar single valued neutrosophic relation (BSVNR) on C. The 
BSVNG G = (Y, Z) is complete (strong) BSVNG, if 


Tz (By) = min(Ty (8), Ty (y)), 12 (By) = max(Iy (8), LF (9), 
Tz (By) = minUy (8), Ly (9), Fz (67) = min(Fy (8), Fy (7), 


Fz (87) = max(FY (8), FY (7), Tz (87) = max(Ty (8), Ty (7), 


VY B,y €V(V By © E). The order of BSVNG G = (A, B) of G*, denoted by O(G), is 
defined by 





O(G) = (OF (G), OF (G), OF (G), OF (G), OF (G), OF (G)), 
where 


OF(G) =D) TH(a), OF(G) = DY) TA(a), OF(@) = DU FL(a), 


aceV aceV aeV 


O7(G) = )0 Ty (a), OF (G) = YO LA(@), O(G) = DO Fa (0). 


aEeV aEeV aeV 
The size of BSVNG G = (A, B) of G*, denoted by $(G), is defined by 


S(G) = (Sp(G), 87 (G), Sz(G), Sp (G), S; (G), Sp (G)), 


where 


SE(G)= >— TE(6y), SH(G) = >> Te (89), 


BYEE BycE 





St(G) = >> Ih(67), S7(G) = D> Ig (6y), 





BYEE BYEE 
SE(G) = >> F#(6y), Sx(G)= >_ F5 (6). 
BYCE BYECE 


The degree of a vertex 6 in BSVNG G = (A,B) of G*,, denoted by dg(f), is 
defined by 





dg(8) = (dp(8), dz (8), d(8), dp(8), d; (8), dp (8), 
where 


dt(6) = >> TE(6y), 478) = © T3 (8): 


BYEE BYEE 


dj (8) = >> 18 (6y), 47 (8) = >> Ip (4), 








ByEE BYEE 
di(8)= S_ Fé(6y), dp(8)= >~ F5 (84). 
BYEE BYEE 
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3. TYPES OF BSVNGS 


In this section we introduce the special types of BSVNGs such as subdivision, 
middle and total and intersection BSVNGs, for this first we give the basic definitions 
of homomorphism, isomorphism, weak isomorphism and co weak isomorphism of 
BSVNGs which are very useful to understand the relations among the types of 
BSVNGs. 


Definition 3.1. Let G; = (C1, Di) and Gg = (C2, D2) be two BSVNGs of GT = 
(Vi, £1) and G3 = (V9, E2), respectively. Then the homomorphism y : G, > Gp is 
a mapping x : Vi V2 which satisfies the following conditions: 


TG, (P) $ Té, (x), 16, (P) 2 Te, (x()), FE, (p) = Fe, (x(P)), 


To, (p) = Te, (x(p)), Te, (p) < Je, (x(p)), Fo, (p) < Fe, (x(p)), 











Vpen, 
Ty, (pa) < Tp, (x(P)x(9@)); Tp, (pa) = Tp, Oc(P)x(9)): 
Tp, (pa) 2 Ip, (x()x(4)), Ip, (pa) S Ip, (x(P)x(9)), 
FS (pq) = Fp, (x(?)x(@)), Fp, (Pa) < Fp, x(P) x(q), 
V pq € Fy. 
Definition 3.2. Let G: = (C1, Di) and Gg = (C2, D2) be two BSVNGs of GT = 


(Vi, £1) and G3 = (V2, E2), respectively. Then the weak isomorphism uv : G1 > G2 
is a bijective mapping v : Vj — V2 which satisfies following conditions: 
v is a homomorphism such that 


TG, (vp) = TE, (v(v)), 1é,(») = 1é,(v(p)), Fé, (») = FS, (v(0)), 

To, (p) = To, (v(p)), Io, (P) = Io, (v()), Fo, (Pp) = Fo, (v(p)), 
VpeV,. 
Remark 3.3. The weak isomorphism between two BSVNGs preserves the orders. 
Remark 3.4. The weak isomorphism between BSVNGs is a partial order relation. 


Definition 3.5. Let Gi = (C1, Di) and Gg = (C2, D2) be two BSVNGs of G] = 
(Vi, £1) and G3 = (V2, Ez), respectively. Then the co-weak isomorphism & : Gy > 
G2 is a bijective mapping & : Vi > V2 which satisfies following conditions: 

«& is a homomorphism such that 


Th, (pq) = Tp, (K(p)K(9)), Tp, (pa) = Tp, (K(P)K(Q)), 
Th, (pq) = 15, (x(p)«(@)), Ip, (pa) = Ip, (K(p)«(@)), 
Fy, (pa) = Fp, (K(p)6(9)), Fp, (Pg) = Fp, (4(P)K(Q)), 








V pq € Fy. 
Remark 3.6. The co-weak isomorphism between two BSVNGs preserves the sizes. 


Remark 3.7. The co-weak isomorphism between BSVNGs is a partial order rela- 
tion. 
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TABLE 1. BSVNSs of BSVNG. 








je 6 ae ae Gane © Ge a 
0.2 0.1 04 -03 -0.1 -0.4 
0.3 02 05 -0.5 -0.4 -0.6 
0.4 0.7 0.6 -0.2 -0.6 -0.2 
is a To i. 
0.2 04 0.5 -0.2 -0.5 -0.6 
0.3 0.8 0.6 -0.1 -0.7 -0.8 
0.1 0.7 0.9 -0.1 -0.8 -0.5 























3.423 Blo oa) p 





Definition 3.8. Let G; = (C\,D,) and Gy = (C2, D2) be two BSVNGs of GT = 
(Vi, £1) and Gi = (V2, E2), respectively. Then the isomorphism w : G, > G2 isa 
bijective mapping w : Vi — V2 which satisfies the following conditions: 


Td, (p) = TE, (b(p)), IG, (p) = 16,(v(p)), Fe, (p) = Fe, (vp), 
To, (p) = Te, ((p)), Te, (p) = Ie, (W(P)), Fe, (p) = Fe, (W(P)), 








Vpenv, 
Th, (pq) = Tp, (Y(P)¥(@)), Tp, (Pa) = To, Y@)Y(Q)), 
Th, (pa) = 15, (o(p)¥(@)), Ip, (va) = Ip, (W(v)(), 
Fi, (pq) = Fh, (b(p)¥(@)), Fp, (pa) = Fp, ((p)¥(@)), 
V pq € Fy. 


Remark 3.9. The isomorphism between two BSVNGs is an equivalence relation. 


Remark 3.10. The isomorphism between two BSVNGs preserves the orders and 
sizes. 


Remark 3.11. The isomorphism between two BSVNGs preserves the degrees of 
their vertices. 


Definition 3.12. The subdivision SVNG be sd(G) = (C, D) of G = (A, B), where 
C isa BSVNS on V UE and D is a BSVNR on C such that 
(i) C=AonV andC=Bon EL, 
(ii) if vu € V lie on edge e € E, then 
Tp (ve) = min(Ty (v), Tg (e)), Ip (ve) = max(I} (v), Lg (e)) 
Tp (ve) = min(I4 (v), Ig (e)), Fp (ve) = min(F’y (v), F'p (e)) 
Fi (ve) = max(Ff(v), Fi (e)), Tp (ve) = max(T (v), Ty (e)) 





else 
D(ve) = O = (0,0, 0,0, 0, 0). 


Example 3.13. Consider the BSVNG G = (A, B) of a G* = (V,E), where V = 

{a,b,c} and E = {p = ab,q = bc,r = ac}, the crisp graph of G is shown in Fig. 

1. The BSVNSs A and B are defined on V and E respectively which are defined 

in Table 1. The SDBSVNG sd(G) = (C,D) of a BSVNG G, the underlying crisp 

graph of sd(G) is given in Fig. 2. The BSVNSs C and D are defined in Table 2. 
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FIGURE 1. Crisp Graph of BSVNG. 


FIGURE 2. Crisp Graph of SDBSVNG. 


TABLE 2. BSVNSs of SDBSVNG. 





De de ee Oe ge ee 
a 02 01 04 03 01 -04 
p 02 04 05 -0.2 -0.5 -0.6 
b 03 02 05 -0.5 -0.4 -0.6 
q 03 0.8 06 -0.1 -0.7 -0.8 
Cc 
r 
D 





0.4 0.7 0.6 -0.2 -0.6 -0.2 
0.1 0.7 0.9 -0.1 -0.8 -0.5 
Ty I5 Fp Tp In Fo 
ap 0.2 04 0.5 -0.2 -0.5 -0.6 
pb 0.2 04 0.5 -0.2 -0.5 -0.6 
bg 0.3 0.8 0.6 -0.1 -0.7 -0.8 
qc 0.3 08 06 -0.1 -0.7 -0.8 
cr 0.1 0.7 0.9 -0.1 -0.8 -0.5 
ra O01 0.7 0.9 -0.1 -0.8 -0.5 




















Proposition 3.14. Let G be a BSVNG and sd(G) be the SDBSVNG of a BSVNG 
G, then O(sd(G)) = O(G) + S(G) and S(sd(G)) = 2S(G). 


Remark 3.15. Let G be a complete BSVNG, then sd(G) need not to be complete 
BSVNG. 
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FIGURE 3. Crisp Graph of TSVNG. 


Definition 3.16. The total bipolar single valued neutrosophic graph (TBSVNG) is 
T(G) = (C,D) of G = (A, B), where C is a BSVNS on VU E and D is a BSVNR 
on C’ such that 

(i) C=AonV andC=Bon EL, 

(ii) if uv € V lie on edge e € E, then 


Tp (ve) = min(TY (v), Tp (e)), Ip(ve) = max(I4(v), 15 (e)) 





Ip (ve) = min(I, (v), [5 (e)), Fp (ve) = min(F, (v), Fs (e)) 
Fj (ve) = max(FY (uv), Fg (e)), Tp (ve) = max(Ty (v), Tp (e)) 
else 
D(ve) = O = (0,0, 0, 0,0, 0), 
(iii) if a8 € E, then 
Tp (a8) = Te (a8), [5 (a8) = Ig(aB), F5(a8) = FR (a8) 
Tp (08) = Tz (a8), Ip (a8) = Ig (ab), Fp (a8) = Fg (a8), 
(iv) if e, f € E have a common vertex, then 
Tp (ef) = min(Tz (e), TR (f)), Ti(ef) = max(Ig (e), 1p (f)) 
Ip (ef) = min(Ip (ec), Ig (f)), Fp (ef) = min(Fs (e), Fp (Sf) 


Fj (ef) = max(F3(e), Fg (f)), Tp (ef) = max(Tp (e), Tp (f)) 
else 
D(ef) = O = (0,0, 0,0, 0, 0). 


Example 3.17. Consider the Example 3.13 the TBSVNG T(G) = (C, D) of under- 
lying crisp graph as shown in Fig. 3. The BSVNS C is given in Example 3.13. The 
BSVNS D is given in Table 3. 


Proposition 3.18. Let G be a BSVNG and T(G) be the TBSVNG of a BSVNG 
G, then O(T(G)) = O(G) + S(G) = O(sd(G)) and S(sd(G)) = 25(G). 


Proposition 3.19. Let G be a BSVNG, then sd(G) is weak isomorphic to T(G). 
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TABLE 3. BSVNS of TBSVNG. 





BD 2S i. ee ey le Fe 
ab 0.2 04 05 -0.2 -0.5 -0.6 
be 0.3 0.8 0.6 -0.1 -0.7 -0.8 
ca 0.1 0.7 09 -0.1 -0.8 -0.5 
pq 0.2 08 0.6 -0.1 -0.7 -0.8 
qr 0.1 0.8 09 -0.1 -0.8 -0.8 
rp 0.1 0.7 0.9 -0.1 -0.8 -0.6 
ap 0.2 04 0.5 -0.2 -0.5 -0.6 
pb 0.2 04 0.5 -0.2 -0.5 -0.6 
bg 03 0.8 06 -0.1 -0.7 -0.8 
qc 03 0.8 06 -0.1 -0.7 -0.8 
cr 0.1 0.7 09 -0.1 -0.8 -0.5 
ra_ 0.1 0.7 0.9 -0.1 -0.8 -0.5 








Definition 3.20. The middle bipolar single valued neutrosophic graph (MBSVNG) 
M(G) = (C, D) of G, where C is a BSVNS on V UE and D is a BSVNR on C such 
that 

(i) C= Aon V and C = B on E, else C = O = (0,0,0,0,0,0), 

(ii) if vu € V lie on edge e € E, then 


T; (ve) = TH (e), Tf (ve) = Tk (e), FA (ve 
T,, (ve) = Tp (e)s Lp(ve) = Ig (e), Fy (we 


| 
y 
| &+ 

© 


else 
D(ve) = O = (0,0, 0, 0,0, 0), 
(iii) if u,v € V, then 
D(uv) = O = (0,0, 0, 0,0, 0), 
(iv) if e, f € EF and e and f are adjacent in G, then 
Tp (ef) =Ty (uv), Ip(ef) = Ig (ur), Fp (ef) = Fg (uv) 
T5 (ef) =T5 (wv), Ip(ef) = Ig (wv), Fo (ef) = Fp (wv). 


Example 3.21. Consider the BSVNG G = (A, B) of a G*, where V = {a,b,c} and 
E = {p = ab,q = bc} the underlaying crisp graph is shown in Fig. 4. The BSVNSs 
A and B are defined in Table 4. The crisp graph of MBSVNG M(G) = (C,D) is 
shown in Fig. 5. The BSVNSs C’ and D are given in Table 5. 


Remark 3.22. Let G be a BSVNG and M(G) be the MBSVNG of a BSVNG G, 
then O(M(G)) = O(G) + S(G). 


Remark 3.23. Let G be a BSVNG, then M(G) is a strong BSVNG. 


Remark 3.24. Let G be complete BSVNG, then M(G) need not to be complete 
BSVNG. 


Proposition 3.25. Let G be a BSVNG, then sd(G) is weak isomorphic with M(G). 
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FIGURE 4. Crisp Graph of BSVNG. 
TABLE 4. BSVNSs of BSVNG. 








PY Gta aks GU ry 
03 04 0.5 -0.2 -0.1 -0.3 
0.7 06 0.3 -0.3 -0.3 -0.2 
0.9 0.7 0.2 -0.5 -0.4 -0.6 
Tp I FB Tp Ip Fp 
0.2 06 06 -01 -0.4 -0.3 
0.4 08 0.7 -0.3 -0.5 -0.6 


TABLE 5. BSVNSs of MBSVNG. 























Qslyo eo Syye 








Cae Cae a nae ee 
a 03 04 0.5 -0.2 -0.1 -0.3 
b 
Cc 





0.7 0:05 G2, 403 203-202 

0.9 0.7 0.2 -0.5 -0.4 -0.6 
éy. 02 O67 0:6> 204: <0.4) 208 
eo 04 08 0.7 -03 -0.5 -0.6 
a a ae aes cae ae = 
pq 0.2 08 0.7 -01 -0.5 -0.6 
ap 02 06 06 -0.1 -04 -0.3 
bp 0.2 06 06 -0.1 -04 -0.3 
bg 0.2 06 06 -0.3 -0.5 -0.6 
cq 04 08 0.7 -03 -0.5 -0.6 




















a b 


FIGURE 5. Crisp Graph of MBSVNG. 
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Proposition 3.26. Let G be a BSVNG, then M(G) is weak isomorphic with T(G). 
Proposition 3.27. Let G be a BSVNG, then T(G) is isomorphic with GU M(G). 


Definition 3.28. Let P(X) = (X,Y) be the intersection graph of a G*, let C, and 
D, be BSVNSs on V and E, respectively and C2 and Dz be BSVNSs on X and Y 
respectively. Then bipolar single valued neutrosophic intersection graph (BSVNIG) 
of a BSVNG G = (C), D1) is a BSVNG P(G) = (C2, D2) such that, 








TG, (Xi) = TE, (vi), 16, %) = 16, (ui), FE (Xi) = FE, (ui) 
ee oS To, (vi), 16, (Xi) = Ig, (vi), Fo, (Xi) = Fe, (vi) 
Roe iH Ts a v,); sae Xj) = Tp, (vir,), 
Ty (Xi X;) = 15, (vi v5); Tp (Xi X;) = Ip, (vivj), 
Fi, (XiX;) = FS, (viv;), Fp, (XiXq) = Fp, (viv;) 


V Xp de X and X-e¥ 


Proposition 3.29. Let G = (Ai, Bi) be a BSVNG of G* = (V,E), and let P(G) = 
(Az, Bz) be a BSVNIG of P(S). Then BSVNIG is a also BSVNG and BSVNG is 
always isomorphic to BSVNIG. 


Proof. By the definition of BSVNIG, we have 








Ty, (S55) = Tp, (vivs) < min(Ty, (vw), Ty, (vs) = min(TF, (S:), Ta, ($3), 
B(SiS;) = Tg, (vivy) > max(IG, (vi), 4, (vs) = max(I4, (i), 14, (95)), 
B,(SiS;) = Fe, (vivj) > max( FA, (vi), FG, (vj)) = max( FY, (Si), FA, (95), 

Tz, (SiS;) = Tp, (vivj) = max(Ty, (vi), Ta, (v;)) = max(Ty, (Si), Ta, (55), 

Tp, (SiSj) = Ip, (vivj) < min(Iq, (vi), 14, (vj) = min(I4, (Si), 14, ($5), 


Fz (SiSj) = Fp, (vivj) < min(Py, (vi), Fa, (vj) = min(Py, (Si), Pa, (S3))- 
This shows that BSVNIG is a BSVNG. 

Next define f: V > S by f(u;) = S; for i = 1,2,3,...,n clearly f is bijective. 
Now u,v; € E if and only if 5;5; € T and T = {f (vi) f(v,;) : usvj € E}. Also 


): 
(Si) = IG, (vi), 











Ty, (f(vs)) = Ta, (Si) = TH, (vi), TA, (F (vi) = TA, 
FX, (f(v4)) = Fa, (Si) = FA, (v4), Ta, (F(%)) = Ta, (Si) = Ta, (), 
Ty, (f(vi)) = 14, (Si) = 14, (ui), Fa, (f(M)) = Fa, (Si) = Fa, (vi), 
Vue, 
Tp, (f (vi) f(vy)) = Tp, (SiS) = Tp, (vivs), 
Ti, (f (vs) f (v3) = Tp, (SiS5) = Te, (vivy), 
Ps, (Ff (vi) F(vs)) = Fp, (SiS;) = Fe, (viv;), 
Tp, (f(vi) f(v;)) = Tp, (SiS3) = Te, (viv;), 
Tz, (F(vi) f(z) = Tp, (SiS;) = Tp, (viv), 
F 3, (f(vi) f(vj)) = Fg, (Si93) = Fp, (viv;), 
V vju; € EB. 
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TABLE 6. BSVNSs of BSVNG. 























Ay Th, TG, Fi, T,, 15, Fa, 
a, 02 05 O05 -01 -04 -0.5 
ow 04 0628 03 02 =05 -02 
az 04 05 O05 -0.3 -0.2 -0.6 
a, 03 02 02 -04 -0.1 -0.3 
B, Te, Ty, Fs, Ts, In, Fo, 
zy O1 06 0.7 01 -04 -0.5 
zo 0.3 06 0.7 -0.2 -0.3 -0.6 
zz 0.2 0.7 O08 -0.3 -0.2 -0.6 
a, O01 O07 O8 -0.1 -0.4 -0.5 





Definition 3.30. Let G* = (V,E) and L(G*) = (X,Y) be its line graph, where 
A, and B, be BSVNSs on V and F, respectively. Let Ag and By be BSVNSs on X 
and Y, respectively. The bipolar single valued neutrosophic line graph (BSVNLG) 
of BSVNG G = (Aj, Bi) is BSVNG L(G) = (Az, Bz) such that, 
Ti, (Sz) = ge (x) = TE, (UzVx), Th, (Sz) = Tp, (2) = Tp, (UzVzx), 
I, (Sz) = Tp, (x) = Tp, (UzVzx), oe (Sz) = Fs, (x) = Fz, (UxVx), 
Fy, (Sx) = Fp, (#) = Fp, (uxve), Ty, (Sz) = Tp, (x) = Tp, (urrz), 
V Sz,5, € X and 
Tp, (SzSy) = min(Tg, (x), Tp, (y)), 1p, (SeSy) = max(Ig, (x), Tp, (y)), 
Tp, (SoSy) = ming, (x), 15, (y)), Fp, (S2Sy) = min(Fs, (x), Fp, (y)), 
Fp, (S2Sy) = max(Fz, (x), Fg, (y)), Tp, (S2Sy) = max(Tp, (x), Tp, (y)), 
V SzSy € Y. 
Remark 3.31. Every BSVNLG is a strong BSVNG. 
Remark 3.32. The L(G) = (Az, Bz) is a BSVNLG corresponding to BSVNG G = 
(Ai, By). 


Example 3.33. Consider the G* = (V,F) where V = {a1,Q2,03,a4} and E = 
{x1 = a1Q2,%2 = 0203,0%3 = A3Q4,24 = aga } and G = (A), B,) is BSVNG of 
G* = (V,E) which is defined in Table 6. Consider the L(G*) = (X,Y) such that 
VS TTT end YS el oT Pen Pal Vols} het Ap and 
be BSVNSs of X and Y respectively, then BSVNLG L(G) is given in Table 7. 


Proposition 3.34. The L(G) = (Ao, Bz) is a BSVNLG of some BSVNG G = 
(Ai, Bi) if and only if 





Tp, (SeSy) = min(T4, (Sx), TA, (Sy)), 
Tp, (SeSy) = max(T'y, (Sz), 14, (Sy), 
Tp, (SxSy) = max(I4, (Sz), 4, (Sy)), 
Fe, (Sr Sy) = min(F'4, (Sx), F4,(Sy)), 
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TABLE 7. BSVNSs of BSVNLG. 





Aj Th, ie Fi oa Vn 
ce 01 06 O07 -01 04 -0.5 
es 0.3 06 0.7 -0.2 -0.3 -0.6 
Re 0.2 0.7 O08 -0.3 -0.2 -0.6 
Re 0.1 O07 O8 -0.1 -0.4 -0.5 
Bi Tr 1s, Fa, Ts, In, Fo, 
Pre; 04 06. °O.7 “=O “0A. 20.6 
Peel eo 02, 0.7% 0:3) 0.2 203: -0:6 
Car 
TT 




















Ce Wd OF OS. 04 OA cth6 
FiO. 09 08° S00 ane 205 








Fp, (SeSy) = max(F4, (Sx), FA, (Sy), 
V SrSy € Y. 
Proof. Assume that, 
Tg, (SeSy) = min(T4, (Sx), TA, (Sy)), 
Tp, (S2Sy) = max(T4, (Sx), 4, (Sy), 
Th, (SeSy) = max(I4, (Sz), 1A, (Sy), 
Fz, (Sr Sy) oe min(F'4, (Sz), F4,(Sy)), 
Tp, (SxSy) A, (Sx), LA, (Sy); 


V SzSy € Y. Define 








Ty, (x) =T4,(S2), 4, (@) = 14, (Sz), Fa, (2) = Fa, (Sz) 
VaeéE. Then 








Tp, (SrSy) = max(I4, (Sz), 14, (Sy)) = max(14, (x), 14, (y)), 
Tp, (SeSy) = min(I4, (Sx), 14, (Sy)) = min(, (x), 14, (y)), 
Tp, (S2Sy) = min(Ty, (Sz), 74, (Sy)) = min(Ty, (x), 74, (y)), 
Tp, (SeSy) = max(T'4, (Sx), Ta, (Sy)) = max(T'y, (7), Ta, (y)), 
Fp, (SrSy) = min(F’g, (Sx), Fa, (Sy)) = min(Fy, (x), Fa, (y)), 
Fy, (S2Sy) = max(F4, (Sx), Pa, (Sy)) = max(F4, (x), #4, (y))- 


A BSVNS A, that yields the property 
Tp, (wy) < min(Ty, (x), Th, (y)), Ip, (wy) = max(I4, (x), Ih, (y)), 
Tp, (wy) S min(T4, (), 4, (y)), Fe, (wy) S< min(Py (x), Fa, (y)), 
FE (xy) 2 max(F’y, (x), FEW ), Tp, (wy) = max(Ty, («), 7, (y)) 


) 
will suffice. Converse is straight forward. 
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Proposition 3.35. If L(G) be a BSVNLG of BSVNG G, then L(G*) = (X,Y) is 
the crisp line graph of G*. 


Proof. Since L(G) is a BSVNLG, 
Ti, (Sx) = Tg, (x), TA, (Sx) = 18, (x), FA, (Se) = Fg, (2), 
Ty, (Sx) = Tp, (@), Ta, (Se) = Tp, (@), Fa, (Sx) = Fp, (#) 
VaeE, S, € X if and only if x € E, also 
Tp, (SzSy) = min(T 3, (x), Tp, (y)), 1p, (S2Sy) = max(Ip, (x), [5, (y)), 
Tz, (SeSy) = min(Ip, (#), Ip, (y)), Fg, (SeSy) = min(F'g, (x), Fp, (y)), 
Fp, (SeSy) = max(Fp, (x), Fs, (y)), Tp, (SSy) = max(Tp, (x), Tp, (y)), 
V S,Sy € Y. Then Y = {5,5,:5;,0S, #4 ¢,2,y € E,x Fy}. 


Proposition 3.36. The L(G) = (A2, Bz) be a BSVNLG of BSVNG G if and only 
if L(G*) = (X,Y) is the line graph and 


Tp, (wy) = min(Ty, (x), T4,(y)), Tb, (vy) = max(I4, (x), 14, (y)), 
Tz, (wy) = min(I4, (7), 14, (y)), Fp, (wy) = min(F’y, (x), F’4, (y)), 


Fp, (wy) = max(F4, (2), Fa, (y)), Tg, (wy) = max(T,, (x), Ty, (y)), 
VayeyYy. 


) 
) 























Proof. It follows from propositions 3.34 and 3.35. 





Proposition 3.37. Let G be a BSVNG, then M(G) is isomorphic with sd(G)UL(G). 


Theorem 3.38. Let L(G) = (Az, Bz) be BSVNLG corresponding to BSVNG G = 
(Ai, Bi). 

(1) If G is weak isomorphic onto L(G) if and only ifV v € V, « © E and G* to 
be a cycle, such that 


sie (v) = TS (x), th, (v) = fey (x), FU (v) = Lee (x), 


Ty, (v) = Tp, (2), 14,(v) = Tp, (&), Fa, (v) = Tz, (). 
(2) If G is weak isomorphic onto L(G), then G and L(G) are isomorphic. 


Proof. By hypothesis, G* is a cycle. Let V = {v1,v2,U3,...,Un} and EF = {a = 


ULV2,L2 = UQUZ,...,2n = Un}, where P : vyvgv3...Un is a cycle, characterize a 
BSVNS Aj by Aj(u;) = (Dis Gis Tis Pir Uo Ti) and By by By(a;) = (a;, bi, Ci, a;, b;, ¢;) 
for 7 =1,2,3,...,n and vpqi = v1. Then for pra = p1, (nti = U1; Tn41 =11; 


a; < min(p;, pi41), b; > max(qi,qi41), C > max(Ti, 741), 


a, > max(p;,Pi41), 6; < min(g;, 4:41), &% < min(r;, 7:41); 
for 7 = 1,2,3,...,n 
Now let X = {Tyz,,T2,.,...,Tx, } and Y = {(2,Ts,,Pa.0a,,..-,T 2,02, }. Then 
for Gn41 = a1, we obtain 
A2(Px;) = Bi(x;) = (ay, bi, Ci, ai, bi, c;) 
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and Bo(Tz2,Px,,,) = (min(a;, aj41), max(b;, bi+1),max(cj, Ci41),max(ai, Ges), min(b,, Beis js 
min(c;, Cee4)) for i= 1,2,3,...,n and un41 = v1. Since f preserves adjacency, it in- 
duce permutation 7 of {1,2,3,...,n}, 
f(vi) = Dy ayta(iyea 
and 
Uivitr > f (vi) f(vi41) = Ponca ¥e (ay til on citi) Pe (i$1) 40 
for 7 = 1,2,3,...,n—1. Thus 
pi = TE, (vi) $ TH, (F(%%)) = TA, Ponayracar) = TB, Um Um(i41) = Gn (i)- 
Similarly, D, > ans Ge 2 OnG), Ti = Crs ds < Bacays Ti r,< a (3) and 


visi) S Tp, (f (vi) f (vita) 


a; = Tp, (% 

= T5, dies i) Um (i pal veeraen el) 
(Tp. 
( 


iL. 





= min(T3, (Vm(i)Un(é)41); Te (Un(6-41)Um(i41)41)) 
= min(aq(i), @n(é)41): 
Similarly, b; > max(bq(:), bx(s)41), Ci > MAX(Ce(G), Cx(i) 41); a, > max(4, (3) @n(4)41)) 


b, < min(b_ (> ba)4 + 1) and C, < min(¢,¢)1n¢a)41) for i = 1,2,3,...,n. Therefore 


Di SOn(s), G 2 Oni), Ti 2 Cali), Di 2 Uni), GS Or, fo Cali) 


and ; ; 
as min(a7(i); On(s)41)) a, = max(4,(;); Qn (i) 41) 
bi = max(b7(i); br(i)-41)) b; < min(b,(;); beset), 
c; > max(en(), Ceti), C+ S min(C,@), Ce(ay41) 
thus ; 
a; S Ani), bi = Oa), Ci 2 Cx(i), O = a, a < ba (i) Ci S Cn) 
and so 


Belah S Cras! Ona) = Ones Cr) Cae 
Gn(i = Ae(m(iyyr Ona) S Ontmtay> Cnty S Seal) 
Vi=1,2,3,...,n. Next to extend, 


Qi S Ani) S++. S Api) SU, a, 2a nee Sage Sa, 





by > bas) >... > baaay > bi, 0; < Pn S & basta <b, 





BS Ci ed Gag See, Ses Ske Cri SG 





where 74+! identity. Hence 
ay = An(i)s bi = On (a); Ci = Cr(i)> a; 2G. a> =b, Gees eg 
Vi=1,2,3,...,n. Thus we conclude that 





a4 S On(iga) = Gi41, 05 = brGtiy = bi41, Ci = CrVi41) = Cid 
Q; > Anita) = Viq1 b, < Bee) = bisa, Cy S Ca eeay = C41 
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which together with 


, , 


/ v t 
Qn+1 = 41, dnt = by, Cn+1 = C1, Anti = 44; Dad = bi, Ch41 = 41 


, 


which implies that 


, 


‘4 v t yt yt 
a, = a1,  =b1, G = C1, a; = 44, 6; =), GF = Cy 














Vi=1,2,3,...,n. Thus we have 


Therefore (a) and (b) holds, since converse of result (a) is straight forward. 






































ay ag ate An Pi P2 Merk Pn 
€ t v / ¥ t 3 
ay ag wes an Py P2 ears Pr 
by =b2 =...=bn = NM =Q=---=M 
£ f y 7 / t 
by = bg =... = bn = = =--- = In 
Cy C2 eae Cn rT. r2 ee Tn 
/ ¥ y t / / 
Cy H Cg =... KH Cn HM] HQ =. =Tp, 














4. CONCLUSION 


The neutrosophic graphs have many applications in path problems, networks and 


computer science. Strong BSVNG and complete BSVNG are the types of BSVNG. In 
this paper, we discussed the special types of BSVNGs, subdivision BSVNGs, middle 
BSVNGs, total BSVNGs and BSVNLGs of the given BSVNGs. We investigated 
isomorphism properties of subdivision BSVNGs, middle BSVNGs, total BSVNGs 
and BSVNLGs. 
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neutrosophic subalgebras of a BCK/BCI-algebra are introduced, and 
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neutrosophic subalgebra and an (€, € V q)-neutrosophic subalgebra are pro- 
vided. Given special sets, so called neutrosophic €-subsets, neutrosophic 
q-subsets and neutrosophic € V q-subsets, conditions for the neutrosophic 
€-subsets, neutrosophic q-subsets and neutrosophic € V q-subsets to be 
subalgebras are discussed. Conditions for a neutrosophic set to be a (q, 
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1. INTRODUCTION 


The concept of neutrosophic set (NS) developed by Smarandache [5, 6, 7] is a 
more general platform which extends the concepts of the classic set and fuzzy set, 
intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set 
theory is applied to various part. For further particulars I refer readers to the site 
http://fs.gallup.unm.edu/neutrosophy.htm. Agboola et al. [1] studied neutrosophic 
ideals of neutrosophic BC J-algebras. Agboola et al. [2] also introduced the con- 
cept of neutrosophic BCI /BCK-algebras, and presented elementary properties of 
neutrosophic BCI /BC'K-algebras. 

In this paper, we introduce the notion of (®, W)-neutrosophic subalgebra of a 
BCK/BCT-algebra X for ®,V € {€,q,€ Vq}, and investigate related properties. 
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We provide characterizations of an (€, €)-neutrosophic subalgebra and an (€, € V q)- 
neutrosophic subalgebra. Given special sets, so called neutrosophic €-subsets, neu- 
trosophic q-subsets and neutrosophic € V q-subsets, we provide conditions for the 
neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V q-subsets to 
be subalgebras. We consider conditions for a neutrosophic set to be a (q, € V q)- 
neutrosophic subalgebra. 


2. PRELIMINARIES 


By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the axioms: 
(al) ((a * y) * (a * z)) *(z¥y) =0, 

(a2) (a*(x*y))*y =0, 

(a3) vxx =0, 

(a4) cxy=y*xr=0 L=Y, 








for all x,y,z € X. Ifa BCI-algebra X satisfies the axiom 
(a5) Oxa2 =0 for alla € X, 


then we say that X isa BC K-algebra. A nonempty subset S of a BCK/BCI-algebra 
X is called a subalgebra of X ifaxy€ S for alla,yeS. 

We refer the reader to the books [3] and [4] for further information regarding 
BCK/BCT-algebras. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [6]) is a structure 
of the form: 


A:= {(2; Ar(x), Ar(x), Ar(x)) | « € X} 
where Ar : X — [0,1] is a truth membership function, Ay : X — [0,1] is an 
indeterminate membership function, and Ar : X —> [0,1] is a false membership 


function. For the sake of simplicity, we shall use the symbol A = (Ar, Ay, Ar) for 
the neutrosophic set 


A:= {(x; Ar(x), Ar(x), Ar(x)) |x © X}. 


3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES 

Given a neutrosophic set A = (Ar, Ar, Ar) inaset X, a, 8 € (0,1) and y € [0,1), 

we consider the following sets: 
Te(A;a) := {x € X | Ar(x) > 
Te(A; 8) = {x € X | Ay(x) = GB}, 
Fe(Ayy) = {2 € X | A(x) < 
T, (Ayo) = {2 €X | Ar(z) + a> 1}, 
I,(A; 8) = {x € X | Ar(z) + 8 > 1}, 
Fy(A; 7) = {x € X | Ar(x) +7 < J}, 
Te (A; a) := {x € X | Ar(x) > a or Ar(x) +a > 1}, 
Tey q(A; 8) = {v € X | Ay(x) 2 B or Ay(x) + B > 1}, 
Foe q(As7) = {u € X | Ar(a) <7 or Ap(z) +7 < 1. 
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We say Te(A; a), Ie (A; 8) and Fe(A; 7) are neutrosophic €-subsets; T,(A; a), Ig(A; 8) 
and F,(A;7y) are neutrosophic q-subsets; and Tey q(A; a), Ievq(A; 8) and Fey q(A;7) 
are neutrosophic €V q-subsets. For ® € {€,q,€V q}, the element of Ts(A; a) (resp., 
Ig(A;) and Fe(A;7¥)) is called a neutrosophic Ts-point (resp., neutrosophic Ip- 
point and neutrosophic Fs -point) with value a (resp., 3 and y). It is clear that 


(3.1) Tey (A; a) = Te (A; a) UT,(A; 2), 
(3.2) Tey q(A; B) = Ie (A; B) U 1g(A; 8), 
(3.3) Fey q(As 7) = Fe(A; 7) U Fg(As 7): 


Proposition 3.1. For any neutrosophic set A = (Ar, A;,Apr) in a set X, a, 8 € 
(0, 1] and y € (0,1), we have 








(3.4) a € (0,0.5] > Teyq(A;a) = Te(A;0), 
(3.5) B€ [0,0.5] = Tevq(A; @) = Ie(A; A), 
(3.6) 7 € [0.5,1] > Fev g(A;y) = Fe(A;7), 
(3.7) a€ (05,1) > Ta{Aia) =T, (A; a), 
(3.8) 6 € (0.5,1]) > Ie,q(A; 8) = 1,(A; 6), 
(3.9) 7 € [0,0.5) => Fevq(A;7) = Fa(A;7). 


Proof. If a € [0,0.5], then 1— a € [0.5,1] and a < 1—a. It is clear that Te(A; a) C 
Tey q(A;a) by (3.1). If « ¢ Te(A;a), then Ar(x) <a <1l—a,ie., « ¢ Ty(A;a). 
Hence « ¢ Tey q(A; a), and so Tey g(A; a) C Te (A; a). Thus (3.4) is valid. Similarly, 
we have the result (3.5). If y € [0.5,1], then 1 — y € [0,0.5] and y > 1—¥. It is 
clear that Fe(A;y) C Fev q(A;7) by (3.3). Let z € Fey q(A;7). Then z € Fe(A;7) 
or z € F,(A;7). If 2 ¢ Fe(A;7), then Ar(z) > y > 1-7, ie., Ar(z)+y7 > 1. Thus 
z ¢ F,(A;7y), and so z ¢ Fe,q(A;7). This is a contradiction. Hence z € Fe(A;7), 
and therefore Fey q(A;y) C Fe(A;7). Let 6 € (0.5,1). Then 6 > 1—. Note 
that Ig(A; 8) © Tey q(A; 8) by (3.2). Let y € Ieyq(A; 8). Then y € Ie(A; 8) or 
y € 1,(A;6). lf y ¢ Iy(A; A), then Ar(y) + 6B < 1 and so Ay(y) < 1-8 < 8, 
i y ¢ Ic(A;8). Thus y ¢ Ieq(A;8), a contradiction. Hence y € I,(A;{). 
Therefore Igy q(A; 8) C Iqg(A; 8). This shows that (3.8) is true. The result (3.7) is 
proved by the similar way. Let y € [0,0.5) and z € Fey,(A;7). Then l1-y > ¥ 
and z € Fe(A;y) or z € F,(A;7). If z ¢ F,(A;7), then Ap(z) +7 > 1 and so 
Ap(z) > 1-y>7, ie., z ¢ Fe(A;y). Thus z ¢ Fey q(A; 7), which is a contradiction. 
Hence Fey q(A; 7) C Fy(A;7). The reverse inclusion is by (3.3). 














Definition 3.2. Given ®,U € {€,q¢,€ Vq}, a neutrosophic set A = (Ar, Ay, Ar) 
in a BCK/BCI-algebra X is called a (©, W)-neutrosophic subalgebra of X if the 
following assertions are valid. 

x€ Te(A;az), ye To(A;ay) > cxy € Ta(A;az A ay), 
(3.10) at € Tp(A; Bx), y € Ie(A; By) > ay € Iw(A; Br A By), 

« € Fe(A; 7x), y € FalAiwy) > ey € Fol(As ye V Wy) 


for all a,y € X, Az, Qy, Bx, By, € (0, 1] and ya, € [0, 1). 
77 


Y. B. Jun/Ann. Fuzzy Math. Inform. 14 (2017), No. 1, 75-86 





Theorem 3.3. A neutrosophic set A= (Ar, Ar, Ar) ina BCK/BCI-algebra X is 
an (€, €)-neutrosophic subalgebra of X if and only if it satisfies: 


Ar(a*y) = A(x) A Ar(y) 
(3.11) (Vz,yEX)| Ar(axy) > Ar(x) A Ar(y) 
Ap(x*y) < Ar(z) V Ar(y) 


Proof. Assume that A = (Ar, Ar, Ar) is an (€, €)-neutrosophic subalgebra of X. 
If there exist z,y € X such that Ar(a * y) < Ar(a) A Ar(y), then 


Ar(a*y) <a < Ar(a) A Ar(y) 


for some a; € (0,1]. It follows that x,y € Te(A;az) but *y ¢ Te (A; ax). Hence 
Ar(x xy) > Ar(x) A Ar(y) for all x,y € X. Similarly, we show that 


Ar(x * y) = Ar(x) A Ar(y) 


for all z,y € X. Suppose that there exist a,b € X and yy € [0,1] be such that 
Ap(axb) > yf > Ar(a)V Apr(b). Then a,b € Fe(A; yp) and axb ¢ Fe(A; yp), which 
is a contradiction. Therefore Ar(x * y) < Ar(x) V Ar(y) for all zy € X. 
Conversely, let A = (Ar, Ay, Ar) be a neutrosophic set in X which satisfies the 
condition (3.11). Let z,y € X be such that « € Te(A;az) and y € Te(A; ay). Then 
Ar(x) > a, and Ar(y) > ay, which imply that Ar(a*y) > Ar(x)AAr(y) > azAday, 
that is, * y € Te(A;agz A ay). Similarly, if ¢ € I¢(A;6,) and y € I¢(A; By) then 
x*y € Ic(A; Bz A By). Now, let « € Fe(A;yz) and y € Fe(A;yy) for z,y € X. 
Then Ap(x) < 7, and Ar(y) < yy, and so Ap(x * y) < Ar(x) V Ar(y) < Ye V Yy- 
Hence xy € Fe(A; yx V yy). Therefore A = (Ar, Ar, Ar) is an (€, €)-neutrosophic 
subalgebra of X. 














Theorem 3.4. If A = (Ar,A;,Ar) is an (€, €)-neutrosophic subalgebra of a 
BCK/BCI-algebra X, then neutrosophic q-subsets T,(A; a), Iq(A; 8) and F(A; 7) 
are subalgebras of X for all a, 6 € (0,1] and y € [0,1) whenever they are nonempty. 


Proof. Let x,y € T,(A;a). Then Ar(x) +a >1 and Ar(y)+a > 1. It follows that 
Ar(@*y) +a 2 (Ar(a) A Ar(y)) + 
= (Ar(x) +a) A (Ar(y) +a) >1 
and so that x * y € T,(A;a). Hence T,(A;a) is a subalgebra of X. Similarly, 
we can prove that I,(A; 8) is a subalgebra of X. Now let z,y € F,(A;7). Then 
Ap(x) +7 < land Ap(y) +7 < 1, which imply that 
Ap(xxy) +7 < (Ar(z) V Ar(y)) +7 
= (Ar(x) +a) V (Ar(y) +a) <1. 


Hence x * y € F,(A;7) and F,(A;7) is a subalgebra of X. 














Theorem 3.5. If A = (Ar,Ay;,Ar) is a (q, € Vq)-neutrosophic subalgebra of a 
BCK/BCI-algebra X, then neutrosophic q-subsets T,(A;a), Ig(A; 8) and Fy(A;7) 
are subalgebras of X for all a,8 € (0.5,1] and y € [0,0,5) whenever they are 
nonempty. 
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Proof. Let x,y € T,(A;a). Then «* y € Teyq(A;a), and so a * y € Te(A;a) or 
xxy € T,(A;qa). If exy € Te(A; a), then Ar(axy) > a > 1—a since a > 0.5. Hence 
x*y € T,(A;a). Therefore T,(A;a) is a subalgebra of X. Similarly, we prove that 
I, (A; 8) is a subalgebra of X. Let z,y € Fy(A;7). Then x *y € Feyq(A;7), and so 
cey € Fe(A;7) or xy € FA(A;7). If oxy € Fe(A;7), then Ap(xxy) < y<1-y¥ 
since 7 € [0,0,5). Hence x xy € F,(A;7), and therefore F(A; 7) is a subalgebra of 
Xx, 














We provide characterizations of an (€, € V q)-neutrosophic subalgebra. 


Theorem 3.6. A neutrosophic set A= (Ar, Ar, Ar) ina BCK/BCI-algebra X is 
an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies: 


Ar(x*y) 2 A{Ar(x), Ar(y), 0.5} 
(3.12) (Va,yEX)| Ar(a*y) > A{Ar(z), Ar(y).0.5} 
Ap(x*y) < V{Ar(x), Ar(y), 0.5} 


Proof. Suppose that A = (Ar, Ar, Ar) is an (€, € Vq)-neutrosophic subalgebra of 
X and let z,y € X. If Ar(x) A Ar(y) < 0.5, then Ar(a xy) > Ar(x) A Ar(y). For, 
assume that Ar(a * y) < Ar(x) A Ar(y) and choose a; such that 


Ar(a*y) < at < Ar(x) A Ar(y). 


Then x € Te(A;a;) and y € Te(A;a;) but wxy ¢ Te(A;a;,). Also Ap(a *y) +a < 
lie, oxy ¢ T,(A;a:). Thus «* y ¢ Teyq(A;ar), a contradiction. Therefore 
Ar(« *y) > A{Ar(«), Ar(y), 0.5} whenever Ar(x) A Ar(y) < 0.5. Now suppose 
that Ar(x)AAr(y) > 0.5. Then x € Te(A;0.5) and y € Te (A; 0.5), which imply that 
xxy © Tey q(A;0.5). Hence Ar(x*y) > 0.5. Otherwise, Ar(x*y)+0.5 < 0.5+0.5 = 1, 
a contradiction. Consequently, Ar (x * y) > A{Ar(x), Ar(y), 0.5} for all z,y € X. 
Similarly, we know that Ay(a * y) > A{Ar(x), Ar(y), 0.5} for all z,y € X. Suppose 
that Ap(x)VApr(y) > 0.5. If Ap(xxy) > Ar(x)VAr(y) = yp, then a, y € Fe(A; 7), 
xexy ¢ Fe(A;yp) and Ap(a@*y) + yf > 2y¢ > Lie, cxy ¢ Fy(A;yz). This is a 
contradiction. Hence Ar(a*y) < V{Ar(x), Ar(y), 0.5} whenever Ar(x) V Ar(y) > 
0.5. Now, assume that Ar(x) V Ar(y) < 0.5. Then 2,y € Fe(A;0.5) and so 
xxy © Fey q(A;0.5). Thus Ap(a*y) < 0.5 or Ap(x*y)+0.5 < 1. If Ap(xxy) > 0.5, 
then Ar(x * y) + 0.5 > 0.54 0.5 = 1, a contradiction. Thus Ap(x * y) < 0.5, and 
so Ar(ax xy) < V{Ar(x), Ar(y),0.5} whenever Ar(x) V Ar(y) < 0.5. Therefore 
Ap(axy) < V{Ar(«), Ar(y), 0.5} for all x,y € X. 

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X which satisfies the 
condition (3.12). Let z,y € X and az, Qy, Br, By, Ya, Vy € [0,1]. If c € Te (A; az) 
and y € Te(A;ay), then Ar(z) > az and Ar(y) > ay. If Ar(a@*y) < ag A ay, then 
Ar(x) \ Ar(y) > 0.5. Otherwise, we have 


Ar(a*y) > (\{Ar(a), Ar(y),0.5} = Ar(2) A Ar(y) > Oe A dy, 
a contradiction. It follows that 
Ap(a*y) +x A dy > 2Ar(a*y) > 2 /\{Ar(2), Ar(y), 0-5} =1 


and so that x *y € Ty(A;az A ay) C Tevg(A; az A ay). Similarly, if « € Ie(A; Bz) 
and y € Ic(A;6,), then « *y € Tevq(A; Bz A By). Now, let « € Fe(A; yz) and 
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y € Fe(A;yy). Then Ap(x) < ye and Ar(y) < yy. If Ar(x *y) > yx V yy, then 
Ap(x) V Ar(y) < 0.5 because if not, then 


Ap(x*y) < \/{Ar(2), Ar(y), 0.5} < Ar(x) V Ar(y) < Ye V Ws 
which is a contradiction. Hence 
Ap(a*y) +e V Wy < 2Ar(@*y) < 2\/{Ar(a), Avy), 0.5} = 1, 


and so x *y € Fa(A; 72 V Yy) © Fev q(Ai Ya V Vy). Therefore A = (Ar, Az, Ar) is an 
(€, € V q)-neutrosophic subalgebra of X. 














Theorem 3.7. If A = (Ar, Ar, Ar) is an (€, € Vq)-neutrosophic subalgebra of a 
BCK/BCI-algebra X, then neutrosophic q-subsets T,(A;a), Ig(A; 8) and F,(A;7) 
are subalgebras of X for all a,@ € (0.5,1] and y € [0,0.5) whenever they are 
nonempty. 


Proof. Assume that T,(A;a), Iq(A;) and F,(A;y) are nonempty for all a,8 € 
(0.5, 1] and y € [0,0.5). Let z,y € T,(A;a). Then Ar(x)+a > land Ar(y)+a > 1. 
It follows from Theorem 3.6 that 


Ap(e+y) +a > A{Ar(a), Ar(y),0.5} +0 
= /\{Ar(2) +a, Ar(y) +a,0.5+ a} 
Si 


that is, x * y € T,(A;a). Hence T,(A; a) is a subalgebra of X. By the similar way, 
we can induce that I,(A;) is a subalgebra of X. Now, let x,y € F(A;7). Then 
Ap(x)+y7< land Ar(y) +7 < 1. Using Theorem 3.6, we have 


Ap(x*y) +7 < \/f{Ar(2), Ar(y), 0.5} +7 


=\V{Ar(2) +7, Ar(y) +705 +7} 
ei. 














and so x *y € F,(A;7). Therefore F,(A;7) is a subalgebra of X. 


Theorem 3.8. For a neutrosophic set A = (Ar, A;,Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic €V q-subsets Tey g(A; a), Lev q(A; 8) and Fey q(A;7) 
are subalgebras of X for alla, 8 € (0,1] and y € [0,1), then A = (Ar, Ar, Ar) is an 
(€, €V q)-neutrosophic subalgebra of X. 


Proof. Let Tey q(A;a) be a subalgebra of X and assume that 
Ar(x*y) < (\{Ar(2), Ar(y), 0.5} 
for some x,y € X. Then there exists a € (0,0.5] such that 
Ar(a*y) <a< A\f{Ar(a), Ar(y), 0.5}. 


It follows that «,y € Te(A;a) C Tey q(A; a), and so that x * y € Tey _(A; a). Hence 
Ar(x*y) > aor Ar(a*y)+a> 1. This is a contradiction, and so 


Ar(«*y) = A\{Ar(a), Ar(y), 0.5} 
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for all x,y € X. Similarly, we show that 
Ar(a*y) > (\{Ar(2), Ar(y),0.5} 

for all a, y € X. Now let Fey q(A;7) be a subalgebra of X and assume that 
Ap(a*y) > \/{Ar(2), Ar(y), 0-5} 

for some x,y € X. Then 

(3.13) Ap(x*y) > 7 = \V{Ar(e), Ar(y), 0.5}, 


for some y € [0.5,1), which implies that x,y € Fe(A;y) © Fevq(A;y). Thus 
vey © Fey q(A;7). From (3.13), we have xxy ¢ Fe(A;y) and Ap(x*y)+y7 > 27 > 1, 
ie., oxy ¢ Fy(A;7). This is a contradiction, and hence 


Ap(a*y) < \/{Ar(a), Ar(y), 0-5} 


for all z,y € X. Using Theorem 3.6, we know that A = (Ar, Ay;, Apr) is an (€, 
€V q)-neutrosophic subalgebra of X. 














Theorem 3.9. If A = (Ar, Ar,Ar) is an (€, € Vq)-neutrosophic subalgebra of 
a BCK/BCI-algebra X, then nonempty neutrosophic € V q-subsets Tey q(A;a@), 
Lev q(A; 8) and Fey q(A; 7) are subalgebras of X for alla, B € (0,0.5] andy € [0.5, 1). 


Proof. Assume that Tey q(A;a), Tey q(A; 8) and Fey,q(A;7) are nonempty for all 
a, 6 € (0,0.5] and y € [0.5,1). Let 2, y € Iev_(A; 8). Then 


x € Ie(A;8) or x € I,(A; 8), 
and 
y €1e(A;8) or y € I, (A; 8). 


Hence we have the following four cases: 


(i) « € Ig(A;@) and y € I<(A; 8), 
(ii) z € I¢(A; 8) and y € 1,(A; 8), 
(iti) 2 € 1y(A;B) and y € 1e(A;8), 
(iv) 7 € 1y(A;B) and y € 14(A; 8). 


The first case implies that x * y € Ieyq4(A;f). For the second case, y € I,(A;() 
induces Ay(y) > 1—6 > 8, that is, y € I¢(A; 8). Thus r*y € Ie q(A; 8). Similarly, 
the third case implies r*y € Igy q(A; 8). The last case induces A;(x) > 1—8 > 6 and 
Ar(y) > 1-8 = 8, that is, x € Ic(A; 8) and y € Ie(A; 8). Hence x*y € Tey q(A; 8). 
Therefore Igy q(A; 8) is a subalgebra of X for all 6 € (0,0.5]. By the similar way, we 
show that Tey q(A; a) is a subalgebra of X for all a € (0,0.5]. Let 2, y € Fey q(A;7). 
Then 


Ap(z)<yor Ar(z)+7<1, 
and 
Arty) <yor Arty) +7<1. 
If Ap(x) < y and Ar(y) <7, then 
Ar(x*y) <\/{Ar(2), Ar(y),0.5} < \V/{7, 0.5} = 7 
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by Theorem 3.6, and so z*y € Fe(A;7) C Fev q(A;7). If Ar(x) < y and Ar(y)+y < 
1, then 


Ap(x*y) < \/{Ar(2), Ar(y),0.5} < \/{7,1- 7,0.5} = 7 


by Theorem 3.6. Thus « *y € Fe(A;y) C Fevq(A;7). Similarly, if Ar(z) +7 <1 
and Ar(y) < 7, then a *y € Foy 4(A;7). Finally, assume that Ap(x) + y < 1 and 
Ar(y) +7 <1. Then 


Ap(x*y) < \/{Ar(2), Ar(y),0.5} < \/{1 — 7, 0.5} =0.5 <7 


by Theorem 3.6. Hence x *y € Fe(A;7) C Fev q(A;7). Consequently, Fey q(A;7) is 
a subalgebra of X for all y € [0.5, 1). 














Theorem 3.10. If A = (Ar,Ar,Ar) is a (gq, € Vq)-neutrosophic subalgebra of 
a BCK/BCI-algebra X, then nonempty neutrosophic € V q-subsets Tey q(A;a@), 
Tey q(A; 8) and Fey q(A; 7) are subalgebras of X for alla, 8 € (0.5, 1] andy € [0,0.5). 


Proof. Assume that Tey q(A;a), Tey q(A;8) and Fey,q(A;7) are nonempty for all 
a, B € (0.5, 1] and y € [0,0.5). Let 2, y € Tey g(A; a). Then 


x €Te(A;a) or « € T,(A;aQ). 
and 

y € Te(A;a) or y € T,(A;aQ). 
If « € T,(A; a) and y € T,(A; a), then obviously x * y € Tey q(A; a). Suppose that 
x € Te(A;a) and y € T,(A;a). Then Ar(x) +a > 2a > 1, ie, x € Ty(A;a). It 
follows that x *y € Tevq(A;a). Similarly, if ¢ € T,(A;a) and y € Te(A;a), then 
z*y € Teyq(A;a). Now, let x,y € Feyg(A;7). Then 

ae Fe(A;7) or «€ F,(A;7), 
and 

y € Fe(A;7) or y € Fy(A;7). 


If « € F,(A;7) and y € F,(A;7), then clearly x *y € Fev q(A;7). If « © Fe(A;7) 
and y € F,(A;7), then Ap(x) +7 < 27 < l,ie.,  € F(A; 7). It follows that r*y € 
Fo q(A;y). Similarly, if ¢ ¢ Fj(A;7) and y € Fe(A;7), then a *y € Fayq(A;7). 
Finally, assume that « € Fe(A;y) and y € Fe(A;7). Then Ar(r) +7 < 2y <1 
and Ar(y) +7 < 27 < 1, that is, c € F,(A;7) and y € F,(A;7y). Therefore x * y € 
Fey q(A;7). Consequently, Tey q(A; a), Ley q(A; 8) and Fey ,_(A;7) are subalgebras 
of X for all a, 8 € (0.5, 1] and y € [0, 0.5). 














Given a neutrosophic set A = (Ar, A;, Ar) in a set X, we consider: 
Xp :={2€ X | Ar(x) > 0, Ar(x) > 0, Ar(x) < 1}. 


Theorem 3.11. Jf a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is an (€,€)-neutrosophic subalgebra of X, then the set Xj is a subalgebra of X. 
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Proof. Let x,y € Xj. Then Ar(x) > 0, Ar(z) > 0, Ar(x) < 1, Ar(y) > 0, 
Ar(y) > 0 and Ar(y) < 1. Suppose that Ar(a*y) = 0. Note that « € Te(A; Ar(z) 
and y € Te(A;Ar(y)). But «xy € Te(A; Ar(x) A Ar(y)) because Ar(x * y) = 
0 < Ar(x) A Ar(y). This is a contradiction, and thus Ar(x * y) > 0. By the 
similar way, we show that A;(x * y) > 0. Note that 7 € Fe(A;Ap(x)) and y € 
Fe(A;Ar(y)). If Ar(a *y) = 1, then Ap(a * y) = 1 > Apr(x) V Ar(y), and so 
xxy ¢ Fe(A; Ar(x) V Ap(y)). This is impossible. Hence x * y € X4, and therefore 
Xj is a subalgebra of X. 














Theorem 3.12. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is an (€,q)-neutrosophic subalgebra of X, then the set Xg is a subalgebra of X. 


Proof. Let x,y € Xj. Then Ar(x) > 0, Ay(z) > 0, Ar(x) < 1, Ar(y) > 0, 
Ar(y) > 0 and Ar(y) < 1. If Ar(x* y) =0, then 


Ar(x *y) + Ar(x) A Ar(y) = Ar(x) A Ar(y) <1. 


Hence x*y ¢ T,(A; Ar(x) \ Ar(y)), which is a contradiction since x € Te (A; Ar(«)) 
and y € Te(A; Ar(y)). Thus Ar(#*y) > 0. Similarly, we get Ar(a*y) > 0. Assume 
that Ar(a * y) = 1. Then 


Ap(x*y) + Ar(x) V Ar(y) = 14 Ar(z) V Ar(y) > 1, 


that is, cx y ¢ Fy(A;Apr(x) V Ar(y)). This is a contradiction because of « € 
Fe(A; Ar(x)) and y € Fe(A; Ar(y)). Hence Ar(a*y) < 1. Consequently, r*xy € X4 
and X¢ is a subalgebra of X. 


Theorem 3.13. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is a (q,€)-neutrosophic subalgebra of X, then the set Xj is a subalgebra of X. 


Proof. Let x,y € Xj. Then Ar(x) > 0, Ar(x) > 0, Ar(x) <1, Ar(y) > 0, Ar(y) > 
Oand Ar(y) < 1. It follows that Ar(x)+1 > 1, Ar(y)+1 > 1, Ar(a)+1 > 1, Ar(y)+ 
1>1, Ar(z)+0 < land Ar(y)+0 <1. Hence x,y € T,(A; 1) N1,(A; 1) Fy(A; 0). 
If Ar(x*y) = 0 or Ay(x*y) = 0, then Ap(x*xy) <1 =1Al or Ay(x@xy) <1 =1A1. 
Thus cxy ¢ Ty(A;1A1) or exy ¢ I,(A;1A1), a contradiction. Hence Ar(x*y) > 0 
and A;(x*y) > 0. If Ap(a*y) = 1, then «xy ¢ F,(A;0V0) which is a contradiction. 
Thus Apr(a * y) <1. Therefore x * y € X¢ and the proof is complete. 


Theorem 3.14. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is a (q,q)-neutrosophic subalgebra of X, then the set Xj is a subalgebra of X. 


Proof. Let x,y € X4. Then Ar(x) > 0, Ar(x) > 0, Ar(x) < 1, Ar(y) > 0, Ar(y) > 
O and Ar(y) < 1. Hence Ap(x)+1> 1, Ar(y)+1 > 1, Ar(x)+1> 1, Ar(y)+1> 1, 
Ar(x) +0 <1 and Ar(y) +0 < 1. Hence x,y € T,(A;1) 9 1,(A;1) N F(A; 0). If 
Ar(« *y) =0 or Ay(x x y) = 0, then 


Ar(a@*y)+1A1=04+1=1 


























or 
Ar(axy)+1A1=04+1=1, 
and soa*y ¢ T,(A;1A 1) or exy ¢ I,(A;1A1). This is impossible, and thus 


Ar(x*y) >Oand Ay(x*y) > 0. If Ar(x* y) = 1, then Ap(x* y) +0V0 =1, that 
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is, cx y ¢ F{(A;0V 0). This is a contradiction, and so Ar(x *y) < 1. Therefore 
x «xy € X4 and the proof is complete. 


Theorem 3.15. If a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is a (q,q)-neutrosophic subalgebra of X, then A = (Ar, Az, Apr) is neutrosophic 
constant on X64, that is, Ar, Ar and Ap are constants on X4. 














Proof. Assume that Ar is not constant on Xj. Then there exist y € Xj such 
that ay = Ar(y) # Ar(0) = ao. Then either a, > a9 or ay < ag. Suppose 
Qy < ap and choose aj,a2 € (0,1) such that 1— ag < ay < 1—ay < ag. Then 
Ar(0) + a1 = ap +01 > 1 and Ar(y) + a2 = ay +az > 1, which imply that 
0 € T,(A; a1) and y € T,(A; a2). Since 

Ar(y*0)+a,A ag = Ar(y) + a, = Ay + Ay < Ii, 


we get yx 0 ¢ T,(A; a1 A a2), which is a contradiction. Next assume that a, > ao. 
Then Ar(y) + (1 — ao) = ay + 1— a9 > 1 and so y € T,(A; 1 — ag). Since 
Ar(y* y) + (1 — a9) = Ar(0) +1— a9 = a9 +1 — 0 = 1, 
we have yxy ¢ T,(A;(1 — ao) A (1 — ao)). This is impossible. Therefore Ar is 
constant on X4. Similarly, Ay is constant on X4. Finally, suppose that Ap is not 
constant on Xj. Then yy = Ar(y) 4 Ar(0) = yo for some y € X4, and we have 
two cases: 
(i) Yy <0 and (ii) yy > Yo. 
The first case implies that Ar(y)+1—Yo = yy+1—‘0 < 1, that is, y € Fy(A;1—7o). 
Hence yxy € F(A; (1-70) V(1—70)), i-e., 0 € Fy(A; 1-0), which is a contradiction 
since Ar(0) +1 — = 1. For the second case, there exist 71,72 € (0,1) such that 
L402 11> 1 ye: 
Then Ar(y) +72 =W+72 < Lie, y © Fj(A;72), and Ar(0) +71 = +N <1, 
ie., 0 € Fy(A;71). It follows that y * 0 € Fy(A;y1 V 72). But 
Ar(y*0)+UuV%2=ArW) tn =wtn>1, 


and so y* 0 ¢ Fy(A;71 V y2). This is a contradiction. Therefore Ar is constant on 
Xj. This completes the proof. 














We provide conditions for a neutrosophic set to be a (q, € V g)-neutrosophic sub- 
algebra. 


Theorem 3.16. For a subalgebra S of a BCK/BCI-algebra X, let A = (Ar, Ay, Ar) 
be a neutrosophic set in X such that 

(3.14) (Va € S)(Ar(x) > 0.5, Ar(x) > 0.5, Ar(x) < 0.5), 

(3.15) (Va € X \ S)(Ar(a2) = 0, Ar(x) = 0, Ap(x) = 1). 

Then A= (Ar, Az, Ar) is a (q,€V q)-neutrosophic subalgebra of X. 


Proof. Assume that x € I,(A;8,) and y € I,(A;6,) for all z,y € X and Bz, By € 

[0,1]. Then A;(x) + 8, > 1 and Ay(y)+ fy > 1. Ifaxy ZS, then x € X\S or 

y € X\S'since S is a subalgebra of X. Hence A;(x) = 0 or Ar(y) = 0, which imply 

that 8, > 1 or 6, > 1. This is a contradiction, and so a*y € S. If Bz A By > 0.5, 
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then A;(a * y) + Bz A By > 1, ie, waxy € Ig(A; Bz A By). If Be A By < 0.5, then 
Ar(a*y) > 0.5 > Be A By, ie., xy € Ie(A; B82 A By). Hence a *y € Tey q(A; Bx A By). 
Similarly, if ¢ € T,(A;a,) and y € T,(A;a,) for all x,y € X and az, ay € [0,1], 
then «*y € Teyq(Ajaz A ay). Now let x,y € X and yz,7y € [0,1] be such that 
xz € Fy(A;yz) and y € F,(A;yy). Then Ap(x) +7, < 1 and Ar(y) +7 <1. It 
follows that «xy € S. In fact, ifnot then « € X\S or y € X\S since S is a subalgebra 
of X. Hence Ap(x) = 1 or Ar(y) = 1, which imply that yz < 0 or yy < 0. This is 
a contradiction, and sor*y € S. If ya. V yy > 0.5, then Ar(x *y) < 0.5 < Ya V Wy, 
that is, ex y € Fe(Asqe V Wy). If ye V yy < 0.5, then Ar(@* y) +2 Vy < 1, 
that is, x * y € Fo(A;7y2 V yy). Hence x * y € Fey q(Aj; 72 V Yy), and consequently 
A= (Ar, Ar, Ar) is a (gq, €V q)-neutrosophic subalgebra of X. 














Combining Theorems 3.5 and 3.16, we have the following corollary. 


Corollary 3.17. For a subalgebra S of X, if A= (Ar, Ar, Ar) is a neutrosophic set 
in X satisfying conditions (3.14) and (3.15), then T,(A; a), Ig(A; 8) and Fy(A;7) 
are subalgebras of X for all a,8 € (0.5,1] and y © [0,0,5) whenever they are 
nonempty. 


Theorem 3.18. Let A = (Ar, A;,Apr) be a (q,€ Vq)-neutrosophic subalgebra of 
X in which Ar, Ar and Ar are not constant on X4. Then there exist x,y,z € X 
such that Ar(x) > 0.5, Ar(y) > 0.5 and Ap(z) < 0.5. In particular, Ar(a) > 0.5, 
Ar(y) > 0.5 and Ar(z) < 0.5 for all x,y,z € X¢. 


Proof. Assume that Ar(a) < 0.5 for all 2 € X. Since there exists a € X¢ such that 
Qq = Ar(a) 4 Ar(0) = ao, we have aq > ao Or Aq < ao. If aa > ao, then we 
can choose 6 > 0.5 such that a9 +6 < 1<a,+ 6. It follows that a € T,(A;9), 
Ar(ax*xa) = Ar(0) = ap < 6 =6A06 and Ap(axa)+6A6 = Ar(0)+6=a9t+d<1 
so that axa ¢ Tey q(A;dA 4). This is a contradiction. Now if ag < ag, we can take 
6 > 0.5 such that ag +6 <1<ao+6. Then 0 € T,(A;6) and a € T,(A;1), but 
a*0 ¢ Teyqg(A;1A 6) since Ar(a) < 0.5 < 6 and Ar(a)+6=a,+6 <1. This is 
also a contradiction. Thus Ar(x) > 0.5 for some x € X. Similarly, we know that 
Ar(y) > 0.5 for some y € X. Finally, suppose that Ar(z) > 0.5 for all z € X. Note 
that y¥. = Ar(c) # Ar(0) = yo for some c € XQ. It follows that 7. < Yo or Ye > o- 
We first consider the case y. < yo. Then yo +é€ > 1 > 7c +6 for some € € [0,0.5), 
and so c € F,(A;e). Also Ap(c*c) = Ar(0) = y > € and Ar(c*c)+eVeE= 
Ar(0)+¢€=70+¢ > 1 which shows that cxc ¢ Fa q(A;e Ve). This is impossible. 
Now, if y. > yo, then we can take < € [0,0.5) and so that y +e < 1 < y+. 
It follows that 0 € F,(A;¢) and c € F,(A;0). Since Ap(c* 0) = Ap(c) = Xe > € 
and Ap(c*0)+¢ = Ar(c) +e = 7+ > 1, we have c*¥0 ¢ Fayg(A;e). This 
is a contradiction, and therefore A(z) < 0.5 for some z € X. We now show that 
Ar(0) > 0.5, Ar(0) > 0.5 and Ap(0) < 0.5. Suppose that Ar(0) = ao < 0.5. Since 
there exists x € X such that Ar(x) = az > 0.5, it follows that ag < a,. Choose a; € 
[0, 1] such that ay > ap and ag+a, <1 <a,+ay,. Then Ar(x%)+a1 =az+a; > 1, 
and so x € T,(A;a,). Now we have Ar(x* x) +a, Aa, = Ar(0)+a, = ag +a, <1 
and Ar(z * a) = Ar(0) =ap < a1 =aiAq;. Thus avx*a ¢ Teyq(Ajai Aa), a 
contradiction. Hence Ar(0) > 0.5. Similarly, we have A;(0) > 0.5. Assume that 
Apr(0) = 70 > 0.5. Note that Ar(z) = yz < 0.5 for some z € X. Hence 7, < yo, and 
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so we can take y; € [0, 1] such that y, < yo and yo+y1 > 1 > 72+ 1. It follows that 
Ar(z)+71 =7%24+71 < 1, that is, z € Fy(A;71). Also Ap(z*z) = Ar(0) = 70 > N1 = 
V1, Le, 2*2 ¢ Fe(AiyiVy1), and Ap(z*z)+%V"1 = Ar(0) + = tN > 1, 
ie, 2*2¢ Fi(Asy1 Vy). Thus z* z ¢ Feyg(Aiyi V 71), @ contradiction. Hence 
Ap(0) < 0.5. We finally show that Ar(a) > 0.5, Ar(y) > 0.5 and Ap(z) < 0.5 
for all x,y,z € Xj. We first assume that Ar(y) = By < 0.5 for some y € XQ, 
and take 6 > 0 such that 6, + 6 < 0.5. Then Ar(y) +1 = By +1 > 1 and 
A;(0) + 8+0.5 > 1, which imply that y € I,(A;1) and 0 € I,(A;6+ 0.5). But 
y*0 € Ieq(A;8 + 0.5) since Ar(y * 0) = Ar(y) < 6+0.5 < 1A (840.5) and 
A;(y*0)+1A(6+0.5) = Ar(y) + 6+0.5 = 8,+6+0.5 < 1. This is a contradiction. 
Hence A;(y) > 0.5 for all y € Xj. Similarly, we induces Arp(x) > 0.5 for all 
x € Xj. Suppose Ap(z) = yz > 0.5 for some z € X4, and take y € (0,0.5) such 
that y, > 0.5+ 7. Then z € F,(A;0) and Ar(0)+05-y < 1-7 <1, ie, 
0 € F,(A;0.5—). But Ap(z*0) = Ar(z) > 0.5 > 0.5—7y and Ap(z*0)+0.5-y = 
Ap(z)+0.5—-—y=724+0.5—y > 1, which imply that z*0 ¢ Fe q(A;0.5 — 7). This 
is a contradiction, and the proof is complete. 
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1. INTRODUCTION 


The concept of neutrosophic set (NS) developed by Smarandache [17, 18, 19] 
is a more general platform which extends the concepts of the classic set and fuzzy 
set (see [20], [21]), intuitionistic fuzzy set (see [1]) and interval valued intuitionistic 
fuzzy set (see [2]). Neutrosophic set theory is applied to various part (see [4], [5], 
[8], [9], [10], [11], [12], [13], [15], [16)). For further particulars, we refer readers to 
the site http://fs.gallup.unm.edu/neutrosophy.htm. Barbhuiya [3] introduced and 
studied the concept of (€, € Vq)-intuitionistic fuzzy ideals of BCK/BCI-algebras. 
Jun [7] introduced the notion of neutrosophic subalgebras in BCK/BCI-algebras 
with several types. He provided characterizations of an (€,€)-neutrosophic sub- 
algebra and an (€,€ Vq)-neutrosophic subalgebra. Given special sets, so called 
neutrosophic €-subsets, neutrosophic q-subsets and neutrosophic € V q-subsets, he 
considered conditions for the neutrosophic €-subsets, neutrosophic q-subsets and 
neutrosophic € V q-subsets to be subalgebras. He discussed conditions for a neutro- 
sophic set to be a (q, € V q)-neutrosophic subalgebra. 
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In this paper, we give relations between an (€, € V q)-neutrosophic subalgebra and 
a (q, € V q)-neutrosophic subalgebra. We discuss characterization of an (€, € V q)- 
neutrosophic subalgebra by using neutrosophic €-subsets. We provide conditions 
for an (€, € V g)-neutrosophic subalgebra to be a (q, € V g)-neutrosophic subalgebra. 
We investigate properties on neutrosophic q-subsets and neutrosophic € V q-subsets. 


2. PRELIMINARIES 


By a BCI -algebra we mean an algebra (X, *,0) of type (2,0) satisfying the axioms: 


al) (ey) * (wx z))*(exy) =0, 
a2) (xx (xx y)) xy = 0, 
a3) e*xx2=O0, 

ad) rxy=yxr=0 L=y; 








for all x,y,z € X. Ifa BCI-algebra X satisfies the axiom 





a5) Ox x =0 for alla EX, 


then we say that X isa BCK-algebra. A nonempty subset S ofa BCK/BCI-algebra 
X is called a subalgebra of X ifaxy € S for alla,yeS. 

We refer the reader to the books [6] and [14] for further information regarding 
BCK/BCT-algebras. 

For any family {a; | i € A} of real numbers, we define 


iss _ f max{a;|ie A} if A is finite, 
Viai ea { sup{a;|ie€A} otherwise. 


he _ f min{a;|i¢ A} if A is finite, 
Mai jseApe= { inf{a;|ie A} otherwise. 


If A = {1,2}, we will also use a, V ag and a, A a2 instead of \/{a; | i € A} and 
/\{a; | i € A}, respectively. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see [18]) is a structure 
of the form: 


A:= {(a; Ar(@), Ar(@), Ar()) | x € X} 


where Ar : X — [0,1] is a truth membership function, Ay : X — [0,1] is an 
indeterminate membership function, and Ar : X —> [0,1] is a false membership 
function. For the sake of simplicity, we shall use the symbol A = (Ar, Ar, Ar) for 
the neutrosophic set 


A:= {(x;Ar(x), Ar(x), Ar(x)) |x © X}. 
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3. NEUTROSOPHIC SUBALGEBRAS OF SEVERAL TYPES 


Given a neutrosophic set A = (Ar, A7, Ar) inaset X, a, 8 € (0,1] and y € (0,1), 
we consider the following sets: 
Te(A; a) := {x € X | Ar(x) > a}, 
T-(A; B) := {a € X | Ar(x) > GB}, 
Fe(Ajy) = {2 € X | Ar(z) <9}, 
T,(A;a):={x@ eX | Ar(x)+a> 1}, 
I,(A; 8) = {2 € X | Ar(z) + 8 > 1, 
Fy(A;7) = {w € X | A(x) +7< 4, 
Tey (A; a) := {x € X | Ar(x) > a or Ar(x) +a > 1}, 
Tey q(A; B) = {x € X | Ay(z) 2 B or Ay(z) + B > 1}, 
Fey q(A;7) = {v € X | Ar(x) <7 or Ap(z) +7 < 1. 
We say Te(A; a), Ie(A; 8) and Fe(A; 7) are neutrosophic €-subsets; T,(A; a), Ig(A; 8) 
and F,(A;) are neutrosophic q-subsets; and Tey q(A; a), Tevq(A; 8) and Fey q(A;7) 
are neutrosophic €V q-subsets. For ® € {€,q, EV gq}, the element of Ts(A; a) (resp., 
Ig(A;G) and Fe(A;7¥)) is called a neutrosophic Tg-point (resp., neutrosophic Ig- 


point and neutrosophic F-point) with value a (resp., 8 and 7) (see [7]). 
It is clear that 








(3.1) Tey (A; a) = Te (A; a) UT,(A; 2), 
(3.2) Tey (A; B) = Te (A; B) U 1q(A; 8), 
(3.3) Fey q(As 7) = Fe(A; 7) U Fg(A37)- 


Definition 3.1 ([7]). Given ©, U € {€,¢q, € Vg}, aneutrosophic set A = (Ar, Ar, Ar) 
ina BCK/BClT-algebra X is called a (®, W)-neutrosophic subalgebra of X if the fol- 
lowing assertions are valid. 

x€ Te(A;az), y€ Ta(A;ay) > cxy € Ta(Ajaz A ay), 
(3.4) x € Ig(A; Bx), y € Ie(A; By) > xy © Iv(A; Bx A By), 

t € Fa(A;ye), y € Fo(Aj yy) > ey € Fu(A; ye V Yy) 


for all a,y € X, Az, Qy, Bx, By € (0,1) and yz, 7y € [0, 1). 


Lemma 3.2 ([7]). A neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X is an (€, €V q)-neutrosophic subalgebra of X if and only if it satisfies: 


Ar(x*y) = \{Ar(), Ar(y), 0-5} 
(3.5) (Va,yeX)| Arey) = A{Ar(2), Ar(y), 0.5} 

Ap(x*y) < V{Ar(a), Ar(y), 0.5} 
Theorem 3.3. A neutrosophic set A= (Ar, Ar, Ar) ina BCK/BCI-algebra X is 
an (€, €V q)-neutrosophic subalgebra of X if and only if the neutrosophic €-subsets 
Te(A;a), Ie(A;8) and Fe(A;7) are subalgebras of X for all a,B € (0,0.5] and 
7 € [0.5, 1). 
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Proof. Assume that A = (Ar, A;,Apr) is an (€, € V q)-neutrosophic subalgebra of 
X. For any z,y € X, let a € (0,0.5] be such that x,y € Te(A;a). Then Ar(x) > a 
and Ar(y) > a. It follows from (3.5) that 


Arp(a*y) > (\{Ar(2), Ar(y), 0.5} > aA05 =a 


and so that «*y € T-(A;a). Thus T-(A;q@) is a subalgebra of X for all a € (0,0.5]. 
Similarly, J-(A;) is a subalgebra of X for all 6 € (0,0.5]. Now, let y € [0.5,1) be 
such that x,y € Fe(A;y). Then Ar(a%) < y and Ar(y) < y. Hence 


Ap(a*y) < \/{Arz), Ar(y),0.5} <7V05=7 


by (3.5), and soaw*y € Fe(A;7). Thus Fe(A;7) is a subalgebra of X for all 
7 € [0.5, 1). 

Conversely, let a, 8 € (0,0.5] and 7 € [0.5, 1) be such that Te (A; a), Ie(A; 3) and 
F(A;7) are subalgebras of X. If there exist a,b € X such that 


A;(axb) < A\{Ar(a), Ar(b), 0.5}, 
then we can take 6 € (0,1) such that 
(3.6) Ar(axb) < B < [\{Ar(a), Ar(b), 0.5}. 


Thus a,b € Ie (A; 8) and 6 < 0.5, and so axb € Ie(A; 8). But, the left inequality in 
(3.6) induces a * b ¢ I¢(A; 3), a contradiction. Hence 


Ay(x*y) 2 /{Ar(2); Aj(y), 0.5} 
for all x,y € X. Similarly, we can show that 
A(x *y) = [\{Ar(2), Ar(y), 0.5} 
for all x,y © X. Now suppose that 
Ap(a*b) > \/{Ar(a), Ar(b), 0.5} 
for some a,b € X. Then there exists 7 € (0,1) such that 
Ap(a«b) >> \/{Ar(a), Ar(b), 0.5}. 


It follows that 7 € (0.5,1) and a,b € Fe(A;7). Since Fe(A;7) is a subalgebra of X, 
we have ax b € Fe(A;7) and so Ar(a*b) < y. This is a contradiction, and thus 


Ap(x*y) <\/{Ar(2), Ar(y), 0.5} 


for all x,y € X. Using Lemma 3.2, A = (Ar, Ar, Ar) is an (€, € V g)-neutrosophic 
subalgebra of X. 














Using Theorem 3.3 and [7, Theorem 3.8], we have the following corollary. 


Corollary 3.4. For a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic €V q-subsets Tey g(A; a), Lev q(A; 8) and Fey q(A;7) 
are subalgebras of X for all a,8 € (0,1] and y © [0,1), then the neutrosophic €- 
subsets Te(A;a), Ie(A;8) and Fe(A;y) are subalgebras of X for all a, 8 € (0,0.5] 
and y € [0.5, 1). 
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Theorem 3.5. Given neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, the nonempty neutrosophic €-subsets Te(A;a), Ie(A;) and Fe(A;7) are sub- 
algebras of X for all a,6 € (0.5,1] and 7 € [0,0.5) if and only if the following 


assertion is valid. 
Ar(x xy) V0.5 > Ar(x) A Ar(y) 
(3.7) (Va,yEX)| Ar(axy) V0.5 > Ar(xz) A Ar(y) 
Ap(a*y)A0.5 < Ap(x) V Ar(y) 


Proof. Assume that the nonempty neutrosophic €-subsets Te(A;a@), Ie(A; 8) and 
Fe(A;y7) are subalgebras of X for all a,6 € (0.5,1] and y € [0,0.5). Suppose 
that there are a,b € X such that Ar(a * b) V0.5 < Ar(a) A Ar(b) := a. Then 
a € (0.5, 1] and a,b € Te(A; a). Since T-(A; a) is a subalgebra of X, it follows that 
a*xb € Te(A;a), that is, Ar(a* b) > a which is a contradiction. Thus 


Ar(x *y) V0.5 > Ar(x) A Ar(y) 


for all z,y € X. Similarly, we know that A;(x * y) V0.5 > Aj;(x) A Ar(y) for 
all z,y € X. Now, if Ar(x* y) A 0.5 > Ap(x) V Ar(y) for some x,y € X, then 
x,y € Fe(A;7) and y € [0,0.5) where y = Ap(x) V Ar(y). But, «xy ¢ Fe(A;7) 
which is a contradiction. Hence Ar(x * y) A0.5 < Ar(x) V Ar(y) for all x,y € X. 

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X satisfying the con- 
dition (3.7). Let x,y,a,b € X and a,f € (0.5, 1] be such that x,y € Te(A; a) and 
a,b € I¢(A; 8). Then 


Ar(xxy)V0.5> Ar(x) A Ar(y) > a> 0.5, 

A;(a*b) V0.5 > Ar(a) A Ar(b) > 8 > 0.5. 
It follows that Ar(a * y) > @ and A;(a* b) > 8, that is, a * y € Te(A;a) and 
axb © Ic(A;G). Now, let x,y € X and y € [0,0.5) be such that x,y € Fe(A;7). 


Then Ap(xz x y) A 0.5 < Ap(x) V Ar(y) < y < 0.5 and so Ap(a xy) < 9, ie., 
xx*xy € Fe(A;7). This completes the proof. 














We consider relations between a (gq, € V q)-neutrosophic subalgebra and an (€, 
€ V q)-neutrosophic subalgebra. 


Theorem 3.6. In a BCK/BCI-algebra, every (q, € V q)-neutrosophic subalgebra is 
an (€, €V q)-neutrosophic subalgebra. 


Proof. Let A = (Ar, Ar, Ar) be a (q, € V g)-neutrosophic subalgebra of a BCK/BCI- 
algebra X and let z,y € X. Let az,a, € (0,1] be such that x € Te(A;a,) and 

y € Te(A; ay). Then Ar(x) > a, and Ar(y) > ay. Suppose «xy ¢ Tey q(A; ar Aay). 

Then 

(3.8) Ar(x*y) <az A Qy, 

(3.9) Ar(a*y) + (az AQy) <1 


It follows that 


(3.10) Ar(x * y) < 0.5. 
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Combining (3.8) and (3.10), we have 
Arp(a*y) < A\{ax; dy, 0.5} 
and so 
1— Ap(x*y) >1- A\{ae, oy, 0.5} 

= Via — Gz, 1 — dy, 0.5} 

> \/ {1 — Ar(x),1— Ar(y), 0.5}. 
Hence there exists a € (0, 1] such that 
(3.11) 1— Ar(x*y) >a>\/{1— Ar(x),1— Ar(y), 0.5}. 


The right inequality in (3.11) induces Ar(x) +a > 1 and Ar(y) +a > 1, that is, 
x,y € T,(A;a). Since A = (Ar, Az,Ar) is a (gq, € V g)-neutrosophic subalgebra 
of X, we have x *y € Teyq(A;a). But, the left inequality in (3.11) implies that 
Ar(axy)ta<lie,cxy ¢T,(A;a), and Ar(x@*y) <1-a<1—-05=0.5 <a, 
ie, cx y ¢ Te(A;a). Hence x * y ¢ Tayq(A;a), a contradiction. Thus x *y € 
Tey q(A; az A ay). Similarly, we can show that if « € Ic¢(A;6,) and y € Ie(A; By) 
for Bx, By € (0,1), then x *y © Ievq(A; Bz A By). Now, let y2,7y € [0,1) be such 
that « € Fe(A;yz) and y € Fe(A;qy). Ar(x) < ya and Ar(y) < vy. Ifcxy ¢ 
Fey q(Aj Ye V Yy), then 


(3.12) Ap(a*y) > eV Vy 
(3.13) Ap(z*y) + (Ya VY) 2 1. 


It follows that 
Ap(x*y) > \/ {Ye %y, 0-5} 
and so that 
1— Ap(a*y) <1-\/{ yes Yy, 0.5} 

= A{1- 11 - yy; 0.5} 

< A\{1- Ar(2),1- Ar(y), 0.5}. 
Thus there exists y € [0, 1) such that 
(3.14) 1— Ap(a*y) << A\{1- Ar(2),1— Ar(y), 0.5}. 


It follows from the right inequality in (3.14) that Ar(#) +7 < land Ar(y)+7 <1, 
that is, z,y € F,(A;7), which implies that « * y € Fevq(A;7). But, we have 
x*y ¢ Foeyq(A;7) by the left inequality in (3.14). This is a contradiction, and so 
xxy © Feyq(Aiyz V Vy). Therefore A = (Ar, Ar, Ar) is an (€, € V g)-neutrosophic 
subalgebra of X. 














The following example shows that the converse of Theorem 3.6 is not true. 
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TABLE 1. Cayley table of the operation * 








* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 0 1 1 
2 2 1 0 2 2 
3 3 3 3 0 3 
4 4 4 4 4 0 
xX Ar(2) Aj(x) Ap(a) 
0 0.6 0.8 0.3 
1 0.2 0.3 0.6 
2 0.2 0.3 0.6 
3 0.7 0.1 0.7 
4 0.4 0.4 0.9 


Example 3.7. Consider a BC K-algebra X = {0,1, 2,3, 4} with the following Cay- 
ley table. 
Let A = (Ar, Ar, Ar) be a neutrosophic set in X defined by 


Then 
{0,3} if a € (0.4,0.5], 
Te(Aj;a) = {0,3,4} if a € (0.2,0.4], 
Da if a € (0,0.2], 
{0} if 6 € (0.4,0.5], 
_» _ | {0,4} if 6 € (0.3, 0.4], 
Te(Aj 8) = {0,1,2,4} if 8 € (0.1,0.3], 
x if 6 € (0,0.1], 
x if y € (0.9,1), 
. J {0,1,2,3} if y € [0.7,0.9), 
F(A) = 9 fo19} if y © [0.6,0.7), 
{0} if y € [0.5, 0.6), 


which are subalgebras of X for all a, 8 € (0,0.5] and y € [0.5,1). Using Theorem 
3.3, A = (Ar, Ar, Ap) is an (€, € V q)-neutrosophic subalgebra of X. But it is not 
a (q, € V q)-neutrosophic subalgebra of X since 2 € T,(A;0.83) and 3 € T,(A;0.4), 
but 2*3=2 ¢ Tey 4(A;0.4). 


We provide conditions for an (€, € V qg)-neutrosophic subalgebra to be a (q, € V q)- 
neutrosophic subalgebra. 


Theorem 3.8. Assume that any neutrosophic Ts-point and neutrosophic I-point 
has the value a and 8 in (0,0.5], respectively, and any neutrosophic Fe-point has 
the value y in [0.5,1) for ® € {€,q,E Vg}. Then every (€, € V q)-neutrosophic 
subalgebra is a (q, € V q)-neutrosophic subalgebra. 


Proof. Let X be a BCK/BCI-algebra and let A = (Ar, Ar, Ar) be an (€, € V q)- 
neutrosophic subalgebra of X. For z,y,a,b € X, let az, ay, 8a, Gy € (0,0.5] be 
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such that « € T,(A;az), y € Ty(Ajay), @ € Iq(A; Ga) and b € T,(A; 6). Then 
Ar(z)+az > 1, Ar(y) +a, > 1, Ar(a) + Ba > 1 and A7(b) + 6, > 1. Since 
Qz, Ay, Ba, By € (0, 0.5], it follows that Ar(x) > 1—az > az, Ar(y) > 1—ay > ay, 
Ar(a) > 1-8 > Ba and Ayz(b) > 1— 6, > Bp, that is, x € Te(A;az), y € Te(A; ay), 
a € Ic¢(A; 8.) and b € Ic¢(A;f,). Also, let x € Fy(A;yz) and y € F{(A;y,) for 
x,y € X and 4, € [0.5,1). Then Ar(x) + ye, < 1 and Ar(y) + 7y < 1, and so 
Ap() < 1-2 < yz and Ar(y) < 1—-Yy < Yy since Ya, ¥y € [0.5, 1). This shows that 
x € Fe(A;y2) and y € Fe(A; yy). It follows from (3.4) that rxy € Tey q(A; az Aay), 
axb € Tey q(A; BaA Gp), and exy © Fey q(AsyzVYy). Consequently, A = (Ar, Ar, Ar) 
is a (q, € V q)-neutrosophic subalgebra of X. 














Theorem 3.9. Both (€, €)-neutrosophic subalgebra and (EV q, € V q)-neutrosophic 
subalgebra are an (€, €V q)-neutrosophic subalgebra. 


Proof. It is clear that (€, €)-neutrosophic subalgebra is an (€, € V qg)-neutrosophic 
subalgebra. Let A = (Ar, Az, Ar) be an (€ Vq, € Vq)-neutrosophic subalgebra of 
X. For any z,y,a,b € X, let az, ay, Ba, By € (0,1] be such that x € Te(A;az), 
y € Te(Ajay), @ € Ic(A;Ba) and b € Ic(A;f). Then « € Tey,g(Ajaz), y € 
Tey q(A;Qy), @ © Tevg(A; Ba) and b € Tey q(A;,) by (3.1) and (3.2). It follows 
that «xy © Teyq(Asaz A ay) and a*b € Igy q(A; Ba A Be). Now, let z,y € X and 
x;y € (0,1) be such that x € Fe(A;7a) and y € Fe(A; yy). Then x € Fey q(A; yx) 
and y € Feyq(A;yy) by (3.3). Hence a * y © Feyq(A;yz V Yy). Therefore A = 
(Ar, Ar, Ar) is an (€, €V q)-neutrosophic subalgebra of X. 














The converse of Theorem 3.9 is not true in general. In fact, the (€, € Vq)- 
neutrosophic subalgebra A = (Ar, A;,Ar) in Example 3.7 is neither an (€, €)- 
neutrosophic subalgebra nor an (€ V qg, € V g)-neutrosophic subalgebra. 


Theorem 3.10. For a neutrosophic set A= (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic q-subsets T,(A; a), Iq(A; 8) and Fy(A;7) are sub- 
algebras of X for all a, 8 € (0.5,1] and y € (0,0.5), then 

xe Te(A;ar), ye Te(Asay) > vxy €Ty(Asaz V ay), 
(3.15) x €Ie(A; Bz), y € Le(A; By) > 2x y € Iy(A; Bo V By), 

tE Fe(As qe), y € Fe(Avyy) > vey € Fy(Aj ye A Wy) 
for allz,y EX, Az, Ay, Br, By € (0.5, 1] and yz, 7y € (0, 0.5). 


Proof. Let x,y,a,b,u,v € X and ag, ay, Ba, By € (0.5, 1] and yu, % € (0,0.5) be 
such that x € Te(A;az), y € Te(Ajay), a € e(A; Ba), b € Te(A; Bb), u © Fe(Ai Wu) 
and v € Fe(A;y). Then Ar(#) > ag > 1— az, Ar(y) > ay > 1— ay, Ar(a) > 
Ba > 1— Ba, A;(b) = Bo > 1— (bo, Ap(u) S Yu < 1— Yu and Ap(v) < Ww < i eke OE 
It follows that z,y € Ty(A; az V ay), a,b € Iq(A; Ba V Bp) and u,v € Fy(A3 yu A Ww): 
Since ag V dy, Ba V By € (0.5, 1] and yA € (0,0.5), we have x*y € Ty(A; az Vay), 
a*b € Ig(A; Ga V By) and uxv € Fy(A;yu A Ww) by hypothesis. This completes the 
proof. 














The following corollary is by Theorem 3.10 and [7, Theorem 3.7]. 


Corollary 3.11. Every (€, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) in a 
BCK/BCT-algebra X satisfies the condition (3.15). 
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Corollary 3.12. Every (q, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) in a 
BCK/BCT-algebra X satisfies the condition (3.15). 


Proof. It is by Theorem 3.6 and Corollary 3.11. 


Theorem 3.13. For a neutrosophic set A= (Ar, Ar, Ar) in a BCK/BCI-algebra 
X, if the nonempty neutrosophic q-subsets T,(A; a), Ig(A; 8) and Fy(A;7) are sub- 
algebras of X for all a, 8 € (0,0.5] and y € (0.5, 1), then 

LETy(Ajsaz), yETy(Ajay) > c*y € Te(Ajaz V ay), 
(3.16) TE Tg(A; Bz), ye Tq (A; By) => xxyeIe(A; Be V Bas 

TE F(A} Yn), ye FylAity) > @¥y © Fe(Aj Ye A Vy) 
for all x,y € X, az, Ay, Br, By € (0,0.5] and yz, 7y € (0.5, 1). 


Proof. Let x,y,a,b,u,v € X and az, Gy, Ba, By € (0,0.5) and yu,% € (0.5, 1) 
be such that « € T,(A;az), y € Ty(A;ay), @ € Ig(A; Bc), 6 € Iy(A; 6), wu € 
Fi(A; yu) and v € Fy(A;y). Then x,y € Ty(A;az V ay), @,6 € Ig(A; Ba V By) and 
u,v © Fy(Ajyu A Ww). Since ag V ay, Ba V By € (0,0.5] and yu A yw € (0.5, 1), it 
follows from the hypothesis that x * y € Ty(A;az V ay), a*b © Ig(A; Ba V By) and 
ux € Fy(Aj;yu A Ww). Hence 














Ar(x*y) >1— (az V ay) > az V ay, that is, oxy € Te(Aj ag V ay), 

Ar(a*b) > 1 — (Ba V Bo) = Ba V Bo, that is, ax b € Te(A; Ba V Bo), 

Ap(ux*xv) <1— (Wu AW) < Yu AY, that is, uxv € Fe(As yu A Ww): 
Consequently, the condition (3.16) is valid for all x,y € X, az,Qy, Bx, By € (0,0.5 
and Ya, Vy € (0.5, 1). 


Theorem 3.14. Given a neutrosophic set A = (Ap, Az,Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Ievq(A; 8) and 
Foy q(A;y) are subalgebras of X for all a,B € (0,0.5] and y € [0.5,1), then the 
following assertions are valid. 

LET (Ajaz), ye Ty(Ajay) > cxy © Tevg(Ajaz V ay), 
(3.17) zETy(A; Be), y € [g(Aj By) > xy € Ieva(A; Be V By), 

te F(A; ye), ye Fy(Aiyy) > ty © Fev q(Ai te NW) 
for oll z,y EX, Og, Oy, Bo, By € (0,0.5| and 7,77, € [0.5,1). 


Proof. Let z,y,a,b,u,v € X and az, ay, Ba, Bo € (0,0.5) and Yu, € [0.5,1) be 
such that « € Ty(A;az), y € Ta(As ay), a € Ig(A; Ba), 6 © Iq(A; Bo), u © F(A; Wu) 
and v € F,(A;y,). Then & € Teyq(A;az), y € Tevq(Ajay), @ © Tevq(A; Ba), 
b € Tevq(A; fo), u © Fevg(Asyu) and v € Feyq(Aiyw). It follows that 2,y € 
Tey q(A;Qz V ay), a,6 € Tevq(A; Ba V By) and u,v € Fey q(A; Yu A Ww) which imply 
from the hypothesis that x * y € Tevq(A;az V ay), a* b © Tevg(A; Ga V By) and 
Uxv © Foy g(A; yu A Ww). This completes the proof. 


























Corollary 3.15. Every (€, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) of a 
BCK/BCI-algebra X satisfies the condition (3.17). 


Proof. It is by Theorem 3.14 and [7, Theorem 3.9]. 
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Theorem 3.16. Given a neutrosophic set A = (Ar, Ar, Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Ievq(A; 8) and 
Fey q(A;y) are subalgebras of X for all a,B € (0.5,1] and y € [0,0.5), then the 


following assertions are valid. 
LeETy(Ajaz), ye Ty(Ajay) > oxy € Tey q(Aj az V ay), 
(3.18) z€I,(A; Bz), y€ 1g(A; By) > xy € ley q(A; Be V By), 
xe FAs yx), ye FglAs yy) > o¥y © Fev q(Asye A Wy) 
for allz,y € X, Az, Ay, Bx, By € (0.5, 1] and yz, 7y € [0,0.5). 











Proof. It is similar to the proof Theorem 3.14. 





Corollary 3.17. Every (q, € V q)-neutrosophic subalgebra A = (Ar, Ar, Ar) of a 
BCK/BCI-algebra X satisfies the condition (3.18). 


Proof. It is by Theorem 3.16 and [7, Theorem 3.10]. 














Combining Theorems 3.14 and 3.16, we have the following corollary. 


Corollary 3.18. Given a neutrosophic set A = (Ar,Ar,Ar) in a BCK/BCI- 
algebra X, if the nonempty neutrosophic € V q-subsets Tey q(A;a), Ievq(A; 8) and 
Fey q(A; 7) are subalgebras of X for alla, 8 € (0,1] andy € (0,1), then the following 
assertions are valid. 


ceT,(Ajaz), ye Ty(Asay) > oxy € Te q(Aj az V ay), 

t €1y(A; Be), y € 1q(Aj By) = x *y © Tevq(Aj Be V By), 

xe Fy(As ye), ye FglAsyy) > oy © Fev q(Asye A Wy) 
for all x,y € X, Az, Ay, Bx, By € (0,1) and yz, yy € [0, 1). 


CONCLUSIONS 


We have considered relations between an (€, € V g)-neutrosophic subalgebra and 
a (q, € Vq)-neutrosophic subalgebra. We have discussed characterization of an (€, 
€V q)-neutrosophic subalgebra by using neutrosophic €-subsets, and have provided 
conditions for an (€, € V q)-neutrosophic subalgebra to be a (q, € V g)-neutrosophic 
subalgebra. We have investigated properties on neutrosophic q-subsets and neutro- 
sophic € V q-subsets. Our future research will be focused on the study of generaliza- 
tion of this paper. 
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ABSTRACT. We first introduce the concept of interval-valued neutro- 
sophic competition graphs. We then discuss certain types, including k- 
competition interval-valued neutrosophic graphs, p-competition interval- 
valued neutrosophic graphs and m-step interval-valued neutrosophic com- 
petition graphs. Moreover, we present the concept of m-step interval- 
valued neutrosophic neighbourhood graphs. 


2010 AMS Classification: 03E72, 05C72, 05C78, 05C99 


Keywords: Interval-valued neutrosophic digraphs, Interval-valued neutrosophic 
competition graphs. 


Corresponding Author: Muhammad Akram (m.akram@pucit .edu.pk) 


1. INTRODUCTION 


Tn 1975, Zadeh [35] introduced the notion of interval-valued fuzzy sets as an 
extension of fuzzy sets [34] in which the values of the membership degrees are inter- 
vals of numbers instead of the numbers. Interval-valued fuzzy sets provide a more 
adequate description of uncertainty than traditional fuzzy sets. It is therefore im- 
portant to use interval-valued fuzzy sets in applications, such as fuzzy control. One 
of the computationally most intensive part of fuzzy control is defuzzification [19]. 
Atanassov [12] proposed the extended form of fuzzy set theory by adding a new com- 
ponent, called, intuitionistic fuzzy sets. Smarandache [26, 27] introduced the concept 
of neutrosophic sets by combining the non-standard analysis. In neutrosophic set, 
the membership value is associated with three components: truth-membership (t), 
indeterminacy-membership (i) and falsity-membership (jf), in which each member- 
ship value is a real standard or non-standard subset of the non-standard unit interval 
]O-,1*[ and there is no restriction on their sum. Smarandache [28] and Wang et al. 
[29] presented the notion of single-valued neutrosophic sets to apply neutrosophic 
sets in real life problems more conveniently. In single-valued neutrosophic sets, three 
components are independent and their values are taken from the standard unit in- 
terval [0,1]. Wang et al. [30] presented the concept of interval-valued neutrosophic 
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sets, which is more precise and more flexible than the single-valued neutrosophic set. 
An interval-valued neutrosophic set is a generalization of the concept of single-valued 
neutrosophic set, in which three membership (¢t,7, f) functions are independent, and 
their values belong to the unit interval [0, 1]. 

Kauffman [18] gave the definition of a fuzzy graph. Fuzzy graphs were narrated 
by Rosenfeld [22]. After that, some remarks on fuzzy graphs were represented by 
Bhattacharya [13]. He showed that all the concepts on crisp graph theory do not 
have similarities in fuzzy graphs. Wu [32] discussed fuzzy digraphs. The concept of 
fuzzy k-competition graphs and p-competition fuzzy graphs was first developed by 
Samanta and Pal in [23], it was further studied in [11, 21, 25]. Samanta et al. [24] 
introduced the generalization of fuzzy competition graphs, called m-step fuzzy com- 
petition graphs. Samanta et al. [24] also introduced the concepts of fuzzy m-step 
neighbourhood graphs, fuzzy economic competition graphs, and m-step economic 
competition graphs. The concepts of bipolar fuzzy competition graphs and intu- 
itionistic fuzzy competition graphs are discussed in [21, 25]. Hongmei and Lianhua 
[16], gave definition of interval-valued fuzzy graphs. Akram et al. [1, 2, 3, 4] have 
introduced several concepts on interval-valued fuzzy graphs and interval-valued neu- 
trosophic graphs. Akram and Shahzadi [6] introduced the notion of neutrosophic 
soft graphs with applications. Akram [7] introduced the notion of single-valued neu- 
trosophic planar graphs. Akram and Shahzadi [8] studied properties of single-valued 
neutrosophic graphs by level graphs. Recently, Akram and Nasir [5] have discussed 
some concepts of interval-valued neutrosophic graphs. In this paper, we first in- 
troduce the concept of interval-valued neutrosophic competition graphs. We then 
discuss certain types, including k-competition interval-valued neutrosophic graphs, 
p-competition interval-valued neutrosophic graphs and m-step interval-valued neu- 
trosophic competition graphs. Moreover, we present the concept of m-step interval- 
valued neutrosophic neighbourhood graphs. 

We have used standard definitions and terminologies in this paper. For other 
notations, terminologies and applications not mentioned in the paper, the readers 
are referred to [6, 9, 10, 13, 14, 15, 17, 20, 26, 33, 36]. 


2. INTERVAL-VALUED NEUTROSOPHIC COMPETITION GRAPHS 
Definition 2.1 ([35]). The interval-valued fuzzy set A in X is defined by 
A= {(s,[th(s),t4(s)]) 8 € X}, 


where, t!,(s) and t%(s) are fuzzy subsets of X such that t!,(s) < ¢4(s) for all 2 € X. 
An interval-valued fuzzy relation on X is an interval-valued fuzzy set Bin X x X. 


Definition 2.2 ((30, 31]). The interval-valued neutrosophic set (IVN-set) A in X 
is defined by 


A= {(s, [ta(s), 4(s)], fa(s), 4 (s)], [Fa(s), £4(s)]) : s © X}, 
where, t!,(s), t%(s), i4(s ) i4(s), f4(s), and ie are neutrosophic subsets of X 
such that t!,(s) < t4(s), i4(s) < i%4(s) and f4(s) < f%(s) for all s € X. An interval- 
valued neutrosophic relation (IVN-relation) on X is an interval-valued neutrosophic 
set Bin X x X. 
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Definition 2.3 ((5]). An interval-valued neutrosophic digraph (IVN-digraph) on a 
non-empty set X is a pair G = (A, B), (in short, G), where A = ([t4,, 4), [4,74], [4, 
f%]) is an IVN-set on X and B = ([t', t%], [iti], [f5,f#]) is an IVN-relation on X, 
“7 pes 


Gan ed 
LG &: 
(i i) fateh < 


Example 2.4. We construct an IVN-digraph G = 
in Fig. 1. 





e({0.1, 0-2, (0.2, 0.4], (0.3, 0.7]) 


FIGURE 1. IVN-digraph 


Definition 2.5. Let G be an IVN-digraph then interval-valued neutrosophic out- 
neighbourhoods (IVN-out-neighbourhoods) of a vertex s is an IVN-set 


1+ u)t .(1)4 (u)4 1)? ut 
N*(a) = (XE, e , "], B=), Fae, 





where 
X} = {uth (s,w) > 0, t¥(s, w) > O], iit,(s, w) > 0,4%(s, 0 > 0}, [F5(s,w) > 0, 
fp(s,w) > a 
such that t60” : X+ — [0,1], defined es 1" (w) = th(s, oe : X+ > (0,1), 
defined el ae = “sw, iO” xX} = [0,1], iy iO" (w) = i, (s,w), 
ey”: bares by ic” ( (w) = i (s,a0), Fe fe’ 22 0, 1], defined by 








Ow ni 8, W eo PERE — [0,1], defined by oe = Ga : 


Definition 2.6. Let G be an IVN-digraph then interval-valued neutrosophic in- 
neighbourhoods (IVN-in-neighbourhoods) of a vertex s is an IVN-set 


No(s) = (Xp, 1, 8], (2, LAP, D), 
where 
s = {w|[t,(w, s) > 0, e4(w, 5) > 0], [#(w, 8) > 0,7%(w, s) > 0], [F5(w, 5) > 0, 


fae > O}}, 
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such that ¢{ : X> — [0,1], defined by 2” (w) = th, (w, 8), te”: xX; — (0,1), 
defined by 2” (w) = #4(0,5), ©” = X> — [0,1], defined by ©” (w) = a (w, a}, 
i)” : X> — [0,1], defined by i$” (w) = i%(w, 8), fO” : XF — [0,1], defined by 
f° (w) = Fw, 3, f+ XP [0,1], defined by fw) = f4(w, 5). 


Example 2.7. Consider an IVN-digraph G = (A, B) on X = {a,b,c} as shown in 
Fig. 2. 








([0.1, 0.2], [0.2, 0.3), [0.2, 0.5]) 


([6°0 ‘Z'0] ‘Is'0‘e-0 [0 ‘90})a 


FIGURE 2. IVN-digraph 


We have Table 1 and Table 2 representing interval-valued neutrosophic out and 
in-neighbourhoods, respectively. 


TABLE 1. IVN-out-neighbourhoods 





TABLE 2. IVN-in-neighbourhoods 


{(a, [0.1,0.2],[0.2,0.3],[0.1,0.6]), (c, [0.1,0.2],[0.2,0.3],[0.2,0.5])} 
f(a, [0.1,0.2],[0.1,0.3],[0.2,0.6])} 





Definition 2.8. The height of IVN-set A = (s, [t!,, ¢4], [44,74], (£4, £4]) in universe 
of discourse X is defined as: for all s € X, 


h(A) = ([hi(A), AY(A)], [h2(A), A3(A)], [23(A), A5(A))), 
= ([sup t4(s), sup #4 (s)], [sup 7i4(s), sup 74(s)], [inf fa(s), inf fA(s))). 
sEX sEX sExX sEX se se 
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Definition 2.9. An interval-valued neutrosophic competition graph (IVNC-graph) 
of an interval-valued neutrosophic graph (IVN-graph) ee (A, B) is an undirected 
IVN-graph cia} = (A,W) which has the same vertex set as in G and there is an 
edge between two vertices s and w if and only if Nt(s) ANt(w) 4 @. The truth- 


membership, indeterminacy-membership and falsity-membership values of the edge 
(s,w) are defined as: for all s,w € X, 


(i) thy (s,w) = Ha(s) A ty (w)) hi (N*(s) NNF(w) 


>) 








tiy(s, w) = (t4(s) Ata (w))hi(N*(s) AN*(w), 
(ii) thy (s, w) = (ti4(s) Ady (w))h5(N*(s) NN*(w), 
iw (s, w) = (t4(s) A 04 (w))h3(N*(s) ON*(w), 


(iii) fi (s, w) = (f4(s) A fa(w))h3 (NT (s) AN*(w), 
fiy(s,w) = (fas) A £4 (w)) ag (N* (8) ON*(w). 


Example 2.10. Consider an IVN-digraph G = (A, B) on X = {a,b,c} as shown 
in Fig. 3. 





(0.1, 0.2], (0.2, 0.4], [0.3, 0.7]) 
FIGURE 3. IVN-digraph 


We have Table 3 and Table 4 representing interval-valued neutrosophic out and 
in-neighbourhoods, respectively. 


TABLE 3. IVN-out-neighbourhoods 
N 
{(b, [0.1,0.2],[0.2,0.3],/0.1,0.6]), (c, [0.1,0.2],[0.1,0.3],[0.2,0.6]) } 
DO 


{(b, [0.1,0.2],[0.2,0.3], [0.2,0.5])} 





TABLE 4. IVN-in-neighbourhoods 


a, [0.1,0.2],[0.2,0.3],[0.1,0.6]), (c, [0.1,0.2],[0.2,0.3],[0.2,0.5])} 
a, {0.1,0.2],[0.1,0.3],[0.2,0.6])} 
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Then IVNC-graph of Fig. 3 is shown in Fig. 4. 


(0.6, 0.8), [0.3, 0.8], (0.2, 0.9]) 





GS 
‘ Ch 
o a 
\ 2 
SS w 
3 } 
” ([0.01, 0.04], [0.04, 0.12], (0.06, 0.4: “% 
RS ‘01, 0.04], (0.04, 0.12], [0.06,0.42])_°% 
Ay e @ Pe 
v Bo 


NS D 


FIGURE 4. IVNC-graph 


Definition 2.11. Consider an IVN-graph G = (A, B), where A = ([{Aj, A¥], [A§, 
A3], [A§, A3)] and B = ([Bi, By], [B3, By], [B3, BZ)]. then, an edge (s, w), s, w 
€ X is called independent strong, if 


slAi(s) A AL(w)] < BA(s,w), S[ANs) A-AN(w)] < BE(s, 0), 
slAb(s) A Ab(w)] < BY(s,w), SIA (s) AA¥(w)] < BY (6,0), 


1 1 uU Uw U 
5lAa(s) A Ag (w)] > Ba(s,w), Z[A3(s) A AB (w)] > BS(s,w). 
Otherwise, it is called weak. 
We state the following theorems without their proofs. 


Theorem 2.12. Suppose G@ is an IVN- ne If Nt (s) AN*(w) contains only 


one element of G, then the edge (s, w) of C(G) is independent strong if and only if 








) 
[N+ (s) ANt(w)]|2 > 0.5,  |IN+(s) AN*(w)]|eu > 0.5, 
[N+ (s) AN*(w)]|z > 0.5, |[N*(s) AN*(w)]}in > 0.5, 
|IN*+(s) AN*(w)]| pp < 0.5, |[N*(s) ANt(w)]] pu < 0.5. 


Theorem 2.13. I[f all the edges of an IVN-digraph @ are independent strong, then 


BU(s,w) Bio) 

(Al(s) A Al(uyy? 7°? ARs) A ARG? > 
BY(s,w) BY ee w) 

(Ayn Alay Oa He) Asay 7 
BA(s, w) BY(s,w) 

CALs) Aba? <°> THRs) AAR? < o> 


for all edges (s, w) in c(@). 


Definition 2.14. The interval-valued neutrosophic open-neighbourhood (IVN-open- 
neh hound) of a vertex s of an IVN-graph G = (A, B) is IVN-set N(s) = (Xs, 


[ts, #9], [és, 23], [Fs £51). where 
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X, = {w|[Bi(s,w) > 0, BY(s,w) > 0], [B4(s,w) > 0, BY(s,w) > 0], [BS (s, w) > 0, 
B3(s,w) > Oj}, 

and t! : X, — [0,1] defined by ti(w) = Bi(s, w), t¥ : X, — [0,1] defined by 
t¥(w) = BY(s, w), if : X, > [0,1] defined by i}(w) = B4(s, w), it : X, > [0,1] 
defined by i%¥(w) = BY(s, w), f! : Xs — [0,1] defined by f!(w) = BS(s, w), fu: 
X, — [0,1] defined by f(w) = B¥(s, w). For every vertex s € X, the interval- 
valued neutrosophic singleton set, A, = (s, [Al’, Av’), [AY, A¥’], [A¥, AY’) such that: 
Al’ : {s} > [0,1], AW : {s} — [0,1], AY : {s} — [0,1], Aw’ : {s} - [0,1], AY: {s} = 
(0, 1], AY : {s} — [0, 1], defined by A¥(s) = Al(s), Ay’(s) = A¥(s), Al(s) = AL(s), 
Au'(s) = A%(s), A¥(s) = A$(s) and A%’(s) = A¥(s), respectively. The interval- 
valued neutrosophic closed-neighbourhood (IVN-closed-neighbourhood) of a vertex 
s is N[s] = N(s) U Ag. 


Definition 2.15. Suppose G = (A, B) is an IVN-graph. Interval-valued neu- 
trosophic open-neighbourhood graph (IVN-open-neighbourhood-graph) of G is an 
IVN-graph N(G) = (A, B’) which has the same IVN-set of vertices in G and has an 
interval-valued neutrosophic edge between two vertices s, w € X in N(G) if and only 
if N(s) NN(w) is a non-empty IVN-set in G. The truth-membership, indeterminacy- 
membership, falsity-membership values of the edge (s, w) are given by: 





BY (s,w) = [Ai(s) A Ai(w)]h4(N(s) NN(w)), 
Bz(s,w) = [A}(s) A A3(w)]ho(N(s) NN(w)), 
BS (s,w) = [A5(s) A A3(w)]h3(N(s) ON N(w)), 
By (s,w) = [Ar(s) A Ay (w)|ht(N(s) ON(w)), 
BY'(s,w) = [A3(s) A AZ (w)|h2(N(s) ON(w)), 
B3(s,w) = [A¥(s) A AS (w)]h§(N(s) A N(w)), respectively. 


Definition 2.16. Suppose G = (A, B) is an IVN-graph. Interval-valued neutro- 
sophic closed-neighbourhood graph (IVN-closed-neighbourhood-graph) of G is an 
IVN-graph N(G) = (A, B’) which has the same IVN-set of vertices in G and has an 
interval-valued neutrosophic edge between two vertices s, w € X in N[G] if and only 
if N[s] N N[w] is a non-empty IVN-set in G. The truth-membership, indeterminacy- 
membership, falsity-membership values of the edge (s, w) are given by: 





BY (s,w) = [Ai(s) A Ay(w)]A4 (N[s] 9 N[w)), 
By (s,w) = [A3(s) A A3(w)|h2(N[s] 9 N[w)), 
B3(s,w) = [A3(s) A A3(w)|h3(N[s] 9 N[w)), 
By" (s,w) = [At (s) A Ar(w)] hi (N[s] NN[w)), 
By'(s,w) = [A3(s) A Az (w)|h2(N[s] NN[w)), 
BS’ (s,w) = [A§(s) A A$ (w)]h¥ (N[s] N N[w]), respectively. 


We now discuss the method of construction of interval-valued neutrospohic com- 
petition graph of the Cartesian product of IVN-digraph in following theorem which 
can be proof using similar method as used in [21], hence we omit its proof. 
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Theorem 2.17. Let c(G) = By 
(A1, Li) and Gz = 


of IVN-digraphs Gs 





(Ai, By) and C(G)= 


iB (Ag, Bz) be two aVING: graphs 
(Ag, L2), respectively. Then CG 


Gy) = 














Go (@)*0c(G)« UG", where Go o@y-o0G ii a an IVN-graph on the crisp graph 
o> * Xa, Be E.=,), C(Gi)* and C(G2)* are the crisp competition graphs 











“Gi 1)* C(G2)* 
of Gi and G2, respectively. 


(1) Bo 
Fea) (a): = 
Uf{(s1, $2)(w1, $2) : 

(2) tyioa, ) 
fi, (S1) A fay 82) 

) 
ye 














( , 

tA 0A2 oa UA (s1 
fA, (81) AN fa, (82 

(3) ty ((s1, $2)(s1, w2)) = 

t+ (wea)}, 

(81, $2)(S1, we) € E 

ip ((S1, 82)(81, wa) 

is(w2ar)}, 

(S1, $2)(1, Wa) € 

(5) fe ((s1, $2)(s1, wa)) = 
fi+(weaa)}, 


(4) 


(51, 52)(S1, W2) € Eu@y= 
(6) t8((s1, $2)(s1, w2)) = 


th (wea2)}, 


81, 82)(s1,W2) € E 


— 


;U 


(81, $2)(W1, We) :Wz€ N-(s1 


oa ti, (si) A ty (s2), 


c(Gi)* 
= [ily, (81) Nia, (82) Ata, (we 


c(Gi)* 





G®° is an IVN-graph on (X1 X X2,E") such that: 


)*, we € Nt(s2)*} 
{(51, $2)($1, W2) + 81 © X41, sowe € Eq@y} 


Ss2€ X2,51W1 E Eu@ys}- 
aos = i'y, (81) A ily, (82), fayoas = 
A t4, (S2), tA,0A, = A, (81) A 14, (82), fAioAg = 


[tia, (1) Atig, (82) Ati, (wa)] X Vaz (tla, (81) At (S2a2) A 











ag € (N*(s2) ON*(w))*. 
)] Vaz {#a, (81) At (S202) A 





Eyes 














Gr) DE Gye a2 € (N*(s2) NNT (wa))*. 


[ffa, (81) Fa, (82) AF, (W2)]xVa2 (£4, (81) AF (S202) 


£ea 














Eq@ye a2 € (N*(s2) NNT (wa))*. 
(4, (81) At, (82) At4, (wa)] X Var {t44, (s1) At#s (soa) A 











ag € (N*(s2) NN*(we))*. 





Ey@)s 














(7) i ((s1, 82)(s1, w2)) = [#4, (1) At4, (2) At4, (w2)] X Van {1% (1) APs (soa) A 
i (waa) }, 
(81, 82)(81, wa) € Ewa) Ey@y« a2 € (N*(s2) ON*(we))*. 


U 


fg 
FFs (weaa)}, 

(81, 82)(1, we) € Ey 

(9) ty((s1, $2)(wi, 82)) = 
t>(wiai)}, 

(81, 82)(wi, $2) € E 

(10) 2! 


(8) 


i(wia)}, 


(81, 82)(w1, 82) € Eq Gy 


(81, 82)(s1, W2)) = 


C(Gi)* 
B((S1, $2)(W1, $2)) = 


[fas (si)APA, (s2)A fa, (w2)] XVao{ fA, (81) ASF (S2a2)A 











GFE @yar a2 € (NF(s2) ANF (we))*. 


[t/a, (81) Ata, (wi) Ata, (82)] X Var {ta, (82) At (8141) A 





S| 














Ey@y a € (N*(s1) WNt(w1))*. 
(ity, (81) Atty, (wi) Ady, (82)] x Var {44, (82) AiLs (8141) A 











Eo a, € (N*(s1) AN*(w1))*. 





C(@a)*? 
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(11) fip((s1,$2)(wi, 82)) = [fy (81) fia, (wa) Frag (82)] X Var {tas (82) AFP (8141) 
fo(wia)}, 
(s1, $2)(w1, $2) € Eu@y: 
(12) tB((s1, $2)(wi, 2)) = [t4, 
t(wiar)}, 
(51, 2)(w1, $2) € Ey@tyFEy@. ue (Nt(s1) AN*(w1))*. 
(13) 7% ((s1, $2)(wi, 82) = [6A, (51) At4, (wi) At, (52)] x Var {t, (2) A (S141) A 


(wiai)}, 











Eu@y« ape (Nt (s1) M Nt (wy1))*. 


(si)At%, (wi) Ath, (s2)] x Vai {t%, (s2) Att +(siai)A 

















qu 


























Ti 
(81, $2)(w1, 82) € Eo GF) Eu@y« aye (Nt (s1) AN*(wz1))*. 
(14) f5((s1, $2)(w1, 82) = [FA, (si) AFA, (wr) AFA, (52)] x Var {ty (SAFE (S141) A 
fi (wia)}, 
(51, 82)(wi, 82) € Eq q@y TE g(a 1 € (N*(s1) AN*t(w1))*. 























(15) ty ((si,$2)(wi,we)) = [tly, (81) A thy, (wi) A ty, (82) A thy, (we)] x [ty (81) A 
t+(wisi) A ty (we) A t+(s2w2)], 
(1, W1)(S2, wW2) € E’, 

(16) i, ((s1, 82)(wi, we)) = [iy (s1) A ty, (wr) A ty, (82) A iy, (we)] x [4a (51) A 
in (w1s1) A ee (we) x i (sowe)], 
(51, W1)(s2,w2) € EY. 

(17) fig((s1, 82)(wi, we)) = [f4, (81) A £4, (wr) A £4, (82) A £4, (wa)] x [F4, (81) A 
fio(wis1) A fi, (wa) A f-+(sowe)], 
(s1,W1)(S2,w2) € ED. 

(18) t%((s1, $2)(wi, w2)) = [t4, (s1) A t4, (wi) A t4, (s2) A t4, (wa)] x [6%4, (81) A 
pw $1) N tas (we) N th (sawe)], 
(51, W1)(s2,w2) € EY. 

(19) 7 ((s1, $2)(wi, we)) = [%4, (81) A 14, (wi) A 4, (s2) A 14, (we)] x [i%, (s1) A 
os (w1s1) mx WA» (we) mx a (sgwa)], 
(51, W1)(s2,w2) € ED. 

(20) fp((s1, $2)(wi, we)) = [F4, (81) A £4, (wi) A £4, (82) A £4, (wa)] x [F4, (81) A 
FF (wisi) A £4, (wa) A Fe (s2wa)), 
(51, W1)(S2,w2) € EY. 





A. k-competition interval-valued neutrosophic graphs 


We now discuss an extension of IVNC-graphs, called k-competition IVN-graphs. 


Definition 2.18. The cardinality of an IVN-set A is denoted by 


|A| = ([l Ale 
Where [lAl, lle], [lAli, 


Ale], [lAla, lAli#], [Alp [Ale#])- 


|Aliu] and [|Alp:, |Alu] represent the sum of truth- 


membership values, indeterminacy-membership values and falsity-membership val- 
ues, respectively, of all the elements of A. 
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Example 2.19. The cardinality of an IVN-set A = {(a, [0.5, 0.7], [0.2, 0.8], [0.1, 
0.3]), (b, (0.1, 0.2], [0.1, 0.5], (0.7, 0.9]), (e, (0.3, 0.5], [0.3, 0.8], (0.6, 0.9])} in X = fa, 
b, c} is 
JA] = ([lAliz, [Ale], []Ale, [Alen], [Ale Al e]) 
= ((0.9, 1.4], {0.6, 2.1], [1.4, 2:1]). 
We now discuss k-competition IVN-graphs. 
Definition 2.20. Let k be a non-negative number. Then k-competition [VN-graph 
C,(G) of an IVN-digraph G= (A, B) is an undirected IVN-graph G = (A, B) 
which has same IVN-set of vertices as in and has, an interval-valued neutro- 
sophic edge between two vertices s, w € X in C,(G) if and only if |(NT(s) Nn 
N*(w))|e > &, |(N*(s) ON*(w))lee > k, \(NT(s) ON*(w))|e > &, (NF (8) 9 
Nt(w))|im > &, [(N*T(s) NNt(w))|p > & and |(N*(s) A N*(w))|pu > &. The 
interval-valued truth-membership value of edge (s, w) in Cz(G) is t4(s, w) = 
H lta (s) A t,(w)]h4 (N+(s) AN+(w)), where ki = |(N+(s) ON+(w))|q and t(s, 
w) = = [e (8) A t4 (w)]hY (N+ (s) AN*(w)), where ki! = |(N*(s) ON+(w))|em, the 
interval-valued indeterminacy-membership value of edge (s, w) in C.(G) is ¢,(s, 
w) = Bee oe ) Ai, (w)]h5(N*(s) AN*(w)), where kb = |(N*(s) ON*(w))|, and 
i%(s, w) = Sefer (5) Avy (w)]hY (N* (8) ANY (w)), where KY = [(N(s) AN* (w))lov 
the interval-valued falsity-membership value of edge (s, w) in C.(@) is f4(s, w) = 
te 

Ar LFa(s) A fh (w)]Ab(N* (8) ON* (w)), where kg = |(N+(s) ON*(w))Ip, and fH (s, 
w) = SE LFA(s) A FA (w)]AS(N*(s) NF (w)), where kf = |(N*(s) ANT (w))Ipx. 























Example 2.21. Consider an IVN-digraph G = (A, B) on X = {s,w,a,b,c}, such 
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a, 
(0.2, 0.6], [0.3, 0.6], [0.2, 0.6]), (b, [0.2, 0.6], [0.1, 0.6], [0.2,0.6]), (c, [0.2, 0.7], [0.3, 0.5], 
(0.2, 0.6])}, and B = {((s,a), [0.1, 0.4], [0.3, 0.6], [0.2, 0.6]), ((s,b), [0.2, 0.4], (0.1, 0.5], 
(0.2, 0.6}), ((s,c), (0.2, 0.5], (0.3, 0.5], (0.2, 0.6]), ((w, a}, (0.2, 0.5], (0.2, 0.5], (0.2, 0.3]), 


((w, b}, (0.2, 0.6], [0.1, 0.6], [0.2, 0.3]), (wv, c), [0.2, 0.7], [0.3, 0.5], (0.2, 0.3])}, as shown 
in Fig. 5. 


We calculate N+(s) = {(a, [0.1,0.4], [0.3, 0.6], [0.2,0.6]), (b, [0.2,0.4], [0.1, 0.5], 
(0.2,0.6]), (c, [0.2,0.5], [0.3,0.5], [0.2,0.6])} and N+(w) = {(a, [0.2,0.5], [0.2, 0.5], 
(0.2, 0.3]), (b, (0.2, 0.6], [0.1, 0.6], [0.2, 0.3]), (c, [0.2, 0.7], [0.3, 0.5], (0.2, 0.3])}. There- 





(0, 
fore, N+(s )ANt(w 7 er (0.1, 0.4], [0.2,0.5], [0.2,0.3]), (b, [0.2, 0.4], [0.1, 0.5], 
(02,,0.3)),- Ce, [02,05], (0.3,0.5); (0.2,0.3)). So. ki = 05,6 = 12, k = 06, 
ke = 15, b= 0.6 and k¥ = 0.9. Let k = 0.4, then, (6, w) = 0.02, t4(s, 
w) = 0.56, LG, w) = 0.06, 7%(s, w) = 0.82, f4(s, w) = 0.02 and f¥(s, w) = 0.11. 
This graph is depicted in Fig. 6. 
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a((0.2, 0.6], (0.3, 0.6], [0.2, 0.6]) 


93,02 03)) 


s([0.4, 0.5], (0.5, 0.7], [0.8, 0.9]) 


b((0.2, 0.6], (0.1, 0.6], [0.2, 0.6]) 


w([0.6, 0.7], [0.4, 0.6], [0.2, 0.3]) 


c([0.2, 0.7], [0.3, 0.5], [0.2, 0.6]) 





@ g 7 
Cos os “a 


70 °O "Os 
» @ %,,@ 2 @ 





wv 


FIGURE 6. 0.4-Competition IVN-graph 


Theorem 2.22. Let G = (A, B) be an IVN-digraph. If 


hy(N*(s)N*(w)) =1,  Ag(N*(s)ON*(w)) =1, hg(N*(s) NN*(w)) = 
hi(N*(s) ON (w)) =1, AZ(NT(s) NN*(w)) =1,  AZ(N*(s) ANT (w)) = 














and 

|(N*(s) ON*(w))le > 2k, [(N*(s) N*(w))|2 > 2k, [(N*(s) AN*(w))| p< 2k, 
|(N*(s) ON*(w))|e > 2k, |(N*(s) ON*(w))|im > 2k, |(NT(s) ANT (w))| pe < 2k, 
Then the edge (s,w) is independent strong in C,(G). 

Proof. Let Ge (A, B) be an IVN-digraph. Let C,(@) be the corresponding 


k-competition IVN-graph. 
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If hi (Nt+(s) ON*(w)) = 1 and |(Nt+(s) ON*(w))|: > 2k, then ki > 2k. Thus, 








1 Kinky I Lt ns 
ta (ssw) = BF ie (5) ath w)]Ah(N* (9) AN (0) 
or, th(s,w) = Eas) ecw) 
t§(s,w) _ kk 
ls) Ato 


If ht (N*(s) AN*(w)) = 1 and 








(N+(s) ONt+(w))|tu > 2k, then ki! > 2k. Thus, 


15(s,w) = “EF gu (5) a #4 (w)]A¥ (Nt (s) ANF (w)) 
or, t%(s,w) = E—* ie (s) Atk (w)] 
t'h(s, w) _ kik 
Fis) AK@o) ORE 





If h(N*+(s) ON+(w)) = 1 and |(N+(s) ON*(w))| > 2k, then k5 > 2k. Thus, 











ki —k 
taste) = Sls) Ay (w))AG(N* (8) Nw) 
_—_ 
on, th(sste) = Eis) AC) 
iL(s, w) _k-k 
Remy mf 


If hA¥(Nt(s) ON*(w)) = 1 and |(Nt(s) ON*(w))|im > 2k, then k¥ > 2k. Thus, 











i5(s,w) = “EE *14(9) A 24 (w)]Og (ON (8) ANY (w) 
on #B(s,w) =F“ 14(s) Aeh(w)] 
i')(s, w) _kp-k 
Re) AMM) REF 


If h3(Nt(s) AN*(w)) = 1 and |(Nt(s) NN*(w))| ~¢ < 2k, then k§ < 2k. Thus, 








—_ 
fils.) = UPA(9) A Fale) (NE (3) ON* Cw) 
U kf, =k U U 
or f(s) = STFU (a) Fae) 
f(s, w) = kf, —k 
OAR NO 
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If h¥(Nt(s) ON*t(w)) = 1 and |(Nt(s) NN*(w))| fu < 2k, then k} < 2k. Thus, 


fp(s,w) = : [fa(s) A fa(w)]hg(N*(s) ON*(w)) 








FLFe(s) A F¥(w) 


fR(s,w) _ kg —k 
Fas) A Fi] eS 


So, the edge (s, w) is independent strong in C.(G@). 


or, fg(s,w) = 














B. p-competition interval-valued neutrosophic graphs 


We now define another extension of [VNC-graphs, called p-competition IVN-graphs. 
Definition 2.23. The support of an IVN-set A = (s, [ty, t4], [@4, 74), Uf4, f4]) in 
X is the subset of X defined by 


supp(A) = {s eX : [t(s) #0, oy ) #0), [&y(s) £0, 74(s) 40), [f4(s) A 1, 
fAa(s) 4 A} 
and |supp(A)| is the number of elements in the set. 
Example 2.24. The support of an IVN-set A = {(a, [0.5, 0.7], [0.2, 
(b, [0.1, 0.2], {0.1, 0.5], (0.7, 0.9]), (e, [0.3, 0.5], [0.3, 0.8], (0.6, 0.9] 
(1, 1])} in X = {a, b, c, d} is supp(A) = (a, b,c} and |supp(A i) = 


We now define p-competition IVN-graphs. 


0.8), (0.1, 0.3]), 
) (a , (0, 0], [0, O], 


Definition 2.25. Let p be a positive integer. Then p-competition IVN-graph C? (G) 
of the IVN-digraph es (A, B) is an undirected IVN-graph G = (A, B) which 
has same IVN-set of vertices as in G and has an interval-valued neutrosophic edge 
between two vertices s, w € X in cr(G) if and only if |supp(Nt(s) NN*(w))| > 
p. The interval-valued truth-membership value of edge (s, w) in C?(G) is th(s, 
w) = PE da (s) A ty (w)]hh (N*(s) AN*(w)), and t%(s, w) = Ph te4(s) a 
t% (w)|hii (Nt (s) AN*(w)), the interval-valued indeterminacy-membership value of 
edge (s, w) in CP(G) is i4(s, w) = PLL, (s) A iy (w)] nb (N+(s) AN+(w)), and 
i%(s, w) = Phim (s) A 7% (w)]A¥(N*(s) A N+(w)), the interval-valued falsity- 
membership value of edge (s, w) in cr(G) is f(s, w) = PFs) a F4(w)]rh 
(Nt+(s) AN+(w)), and f(s, w) = GP" fu(s) A f4(w)]A¥(N+(s) ON+(w)), where 
i = |supp(NT(s) A N*(w))I.- 
Example 2.26. Consider an IVN-digraph G = (A, B) on X = {s,w,a,b,c}, such 
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a, 
(0.2, 0.6], (0.3, 0.6], (0.2, 0.6]), (b, {0.2, 0.6], (0.1, 0.6], (0.2, 0.6]), (e, (0.2, 0.7], (0.3, 0.5), 
(0.2, 0.6])}, and B = {((s,a), [0.1, 0.4], [0.3, 0.6), (0.2, 0.6]), ((s, 6), [0.2, 0.4], (0.1, 0.5], 
(0.2, 0.6]), ((s,c), [0.2, 0.5], [0.3, 0.5], (0.2, 0.6]), ((w,a), [0.2, 0.5], [0.2, 0.5), (0.2, 0.3), 
((w, b}, [0.2, 0.6], [0.1, 0.6], [0.2, 0.3]), ((w,c), [0.2, 0.7], [0.3, 0.5], (0.2, 0.3])}, as shown 
in Fig. 7. 
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w({0.6,0.7), (0.4,0-6), 10-2 0.3)) 





FIGURE 7. IVN-digraph 


We calculate N*(s) = {(a, [0.1,0.4], [0.3, 0.6], [0.2,0.6]), (b, [0.2,0.4], [0.1, 0.5], 
[0.2,0.6]), (c, [0.2,0.5], [0.3, 0.5], [0.2,0.6])} and N+(w) = {(a, [0.2,0.5], (0.2, 0.5], 
(0.2, 0.3]), (b, (0.2, 0.6], [0.1, 0.6], [0.2, 0.3]), (c, (0.2, 0.7], [0.3, 0.5], (0.2, 0.3])}. There- 
fore, Nt(s )ANt(w ) = {(a, [0.1, 0.4], [0.2,0.5], [0.2,0.3]), (b, [0.2, . 4], (0.1, 0.5], 
(0.2, 0.3]), (c, [0.2,0.5], [0.3, 0.5], [0.2,0.3)}. Now, i = |supp(N+(s )ANt(w))| = 3. 
For p = 3, we have, t4(s, w) = 0.02, t%(s, i) = 0.08, i,(s, w) = 0.04, i%( 
w) =0.1, ft = 


{ 
3,0 


? 


04, i(s 
) =0.1, fe(s, w) = 0.01 and f#(s, w) = 0.03. This graph is depicted in Fig. 8 
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FIGURE 8. 3-Competition IVN-graph 


We state the following theorem without its proof. 


Theorem 2.27. Let G = (A, B) be an IVN-digraph. If 


hi (N*(s)ON*(w))=1, AZ(N*(s)N*(w)) =1, hg (N*(s) NN*(w)) 
hi (NT (s)ON*(w)) =1, AZ(NT(s)ON*(w)) =1, hg (N*(s) NT (w)) 
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in clal(@), then the edge (s,w) is strong, where i = |supp(Nt(s)  NNt(w))|. (Note 
that for any real number s, [s]=greatest integer not esceeding s.) 


C. m-step interval-valued neutrosophic competition graphs 


We now define another extension of IVNC-graph known as m-step IVNC-graph. We 
will use the following notations: 


Py, + An interval-valued neutrosophic path of length m from s to w. 
Pm, : A directed interval-valued neutrosophic path of length m from s to w. 


Nj (s) : m-step interval-valued neutrosophic out-neighbourhood of vertex s. 
N;,(s) : m-step interval-valued neutrosophic in-neighbourhood of vertex s. 
Nin(s) : m-step interval-valued neutrosophic neighbourhood of vertex s. 
(G): m-step interval-valued neutrosophic neighbourhood graph of the IVN-graph 


(): m-step IVNC-graph of the IVN-digraph G. 


Definition 2.28. Suppose Ce (A, B) is an IVN-digraph. The m-step IVN- 
digraph of G is denoted by C= = (A, B), where IVN-set of vertices of G is same 
with IVN-set of vertices of G,, and has an edge between s and w in Ge if and only 
if there exists an interval-valued neutrosophic directed path P{%',, in 


Definition 2.29. The m-step interval-valued neutrosophic out-neighbourhood (IVN- 
out-neighbourhood) of vertex s of an IVN-digraph G = (A, B) is IVN-set 


Nai (s) = (XH, (2, 7], GP”, 7], 1", AOD, where 
X; = {w| there exists a directed interval-valued neutrosophic path of length m 
from s to w, Pm}, 1” . : X* — (0, 1], 1”: xP > (0, 1),-4 oe ca <> (0) 
i, é (uy 2h oe (0, dh 7 ee :X+ 3 [0,1 eo : X+ — [0, 1] are defined 
by ior = min{t!(s1, 82), (s1, 82) is an edge of Pm, \, out = min{t"(s1, 99), 





(s1, $2) is an edge of pm me bs io” = min{i!(s;, 52), (s1, 52) is an edge of Pm}, 
i = min{i"(s1, 52), (s1, 82) is an edge of Pm}, FO" = min{f!(s1, 82), (s1, 
sg) is an edge of Pm, ia 7 = min{f"(s1, 52), (si, s2) is an edge of Pm}, 


respectively. 


Example 2.30. Consider an IVN-digraph G = A,B on X = {s,w,a,b,c,d}, such 
that A = {(s, (0.4,0.5], [0.5,0.7], (0.8, 0.9]), a (0.6, 0.7], (0.4,0.6], [0.2,0.3)), (a, 

(0.2, 0.6], [0.3, 0.6], {0.2, 0.6]), (b, [0-2, 0.6], (0.1, 0.6], [0.2,0.6]), (c, [0.2, 0.7], (0.3, 0.5], 
[0.2, 0.6]), d({0.2, 0.6], (0.3, 0.6], (0.2, 0.6])}, and B = {((s,a), (0.1, 0.4], [0.3, 0.6], (0.2, 


0.6]), ((a,c), [0.2,0.6], [0.3,0.5], [0.2,0.6]), ((a,d), [0.2,0.6], [0.3,0.5], [0.2,0.4]), 
((w, 55, [0.2,0.6], [0.1,0.6], [0.2,0.3]), (b,c), [0.20.4], [0.1,0.2], [0.1,0.3]), fw 
(0.1, 0.3], (0.1, 0.2], [0.2,0.4])}, as shown in Fig. 9. 
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s((0.4, 0.5], [0.5, 0.7], [0.8, 0.9]) w([0.6, 0.7], (0.4, 0.6], (0.2, 0.3)) 





e({0.2, 0.7], (0.3, 0.5], [0.2, 0.6]) d({0.2, 0.6], [0.3, 0.6], (0.2, 0.6]) 


FIGURE 9. IVN-digraph 


We calculate 2-step IVN-out-neighbourhoods as, NJ (s) = {(c, [0.1, 0.4], [0.3, 0.5], 
(0.2, 0.6]), (d, [0.1,0.4], {0.3,0.5], [0.2,0.4])} and N¢(w) = {(e, [0.2,0.4], [0.1, 0.2], 
(0.1, 0.3]), (d, [0.1, 0.3], [0.1, 0.2], [0.2, 0.3])}. 


Definition 2.31. The m-step interval-valued neutrosophic in-neighbourhood (IVN- 
in-neighbourhood) of vertex s of an IVN-digraph C= (A, B) is IVN-set 


Nin(s) = (Xp, [ts #8], SY, L/P, 8 ]), where 
X; = {w| there exists a directed interval-valued neutrosophic path of length m 
from w to s, P™,}, 1 : X> > [0, Y,  : Xr > fo, 1, M : xr 5 [o, 
1}, i : XP — fo, 1, f%” : xP > fo, 1) ~~ : XP — [0, 1] are defined 
by (= min{#!(s1, 49), (S51, 52) is an edge of Pm 3, i = min{#(61, 42), 
(s1, 52) is an edge of Pm 3, iD = sina (sie), (s1, S2) is an edge of Pm 3, 
jm = Abs); (s1, 82) is an edge of Pm 3, fO- — sind fileps es. (si, 
89) is an edge of Pm 3, fO = rn Cee (s1, 52) is an edge of Pm 3, 


respectively. 


Example 2.32. Consider an IVN-digraph G = (A, B 
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6, 

(0.2, 0.6], [0.3, 0.6], [0.2, 0.6]), (6, [0.2, 0.6], [0.1, 0.6], [0.2, 0.6]), (c, [0.2, 0.7], [0.3, 0.5], 
(0.2, 0.6]), d({0.2, 0.6], [0.3, 0.6], [0.2, 0.6])}, and B = {((s, a), [0.1,0.4], [0.3, 0.6], (0.2, 


0.6}), (a,c), [0.2,0.6], [0.3,0.5], [0.2,0.6]), ((a,d), [0.2,0.6], [0.3,0.5], [0.2,0.4]), 
((w,b), [0.2,0.6], [0.1,0.6], [0.2,0.3]), ((b,c), [0.2,0.4], [0.1,0.2], [0.1,0.3]), at 
(0.1, 0.3], [0.1, 0.2], [0.2,0.4])}, as shown in Fig. 10. 
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s([0.4, 0.5], (0.5, 0.7], [0.8,0.9])  w([0.6, 0.7], (0.4, 0.6], [0.2, 0.3]) 


Ss 
Ss 
b&b 
i=) 
sz 
Ss 
™ 
Ss 
s 
Ss 
bo 
S 
D> 
= 





d({0.2, 0.6], [0.3, 0.6], (0.2, 0.6]) 


c({0.2, 0.7], (0.3, 0.5], [0.2, 0.6]) 


FiIGuRE 10. IVN-digraph 


We calculate 2-step IVN-in-neighbourhoods as, Nj (s) = {(c, [0.1,0.4], [0.3,0.5], 
(0.2,0.6]), (d, [0.1,0.4], [0.3,0.5], [0.2,0.4])} and Ny(w) = {(c, [0.2,0.4], [0.1,0.2], 


[0.1,0.3]), (d, [0.1,0.3], [0.1,0.2], [0.2,0.3])}. 


Definition 2.33. Suppose G = (A, B) is an IVN-digraph. The m-step IVNC- 
graph of IVN-digraph G is denoted by Cm(G) = (A, B) which has same IVN-set 
of vertices as in G and has an edge between two vertices s, w € X in Cm(@) if and 
only if (Nj*(s) AN; (w)) is a non-empty IVN-set in G. The interval-valued truth- 
membership value of edge (s, w) in Cin(@) is t!,(s, w) = [t4,(s) At, (w)]At (NT (3) N 
Ny (w)), and t%(s, w) = [t4(s) A t4(w)|ht (Ns (s) A Ni (w)), the interval-valued 
indeterminacy-membership value of edge (s, w) in Cm(G) is #%(s, w) = [ty (s) A 
i, (w)]ho (Ni (s) ANZ, (w)), and 7$(s, w) = [04(s) Ac (w)]AZ (NZ (s) ON} (w)), the 
interval-valued falsity-membership value of edge (s, w) in Cm(G) is f$(s, w) = 
[fa(s) A fa(w)|AS(NF(s) ON} (w)), and fg(s, w) = [F4(s) A FA(w)]AS (NF (s) 0 


Np (w)).- 


The 2—step IVNC-graph is illustrated by the following example. 


Example 2.34. Consider an IVN-digraph G = (A, B) on X = {s,w,a,b,c,d}, such 
that A = {(s, [0.4,0.5], [0.5,0.7], [0.8,0.9]), (w, [0.6,0.7], [0.4,0.6], [0.2,0.3]), (a, 
(0.2, 0.6], (0.3, 0.6], (0.2, 0.6]), (b, (0.2, 0.6), (0.1, 0.6], (0.2, 0.6]), (c, (0.2, 0.7], [0.3, 0.5], 


(0.2, 0.6]), d([0.2, 0.6}, (0.3, 0.6], (0.2, 0.6])}, and B = {((s, a), [0.1,0.4], [0.3, 0.6], 0.2, 


0.6]), ((a,c), [0.2,0.6], [0.3,0.5], [0.2,0.6]), ((a,d), [0.2,0.6], (0.3, 0.5], ee 
( 


((w,b}, [0.2,0.6], [0.1,0.6], [0.2,0.3]), (b,c), [0.2,0.4], [0.1,0.2], [0.1,0.3]), (4d), 


(0.1, 0.3], [0.1, 0.2], [0.2,0.4])}, as shown in Fig. 11. 
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s({0.4, 0.5], (0.5,0.7), [0.8,0.9]) ([0.6, 0.7], (0.4, 0.6], (0.2, 0.3]) 





e(0.2, 0.7], 0.3, 0.5], (0.2, 0.6]) d({0.2, 0.6], {0.3, 0.6], [0.2, 0.6]) 


FicurE 11. IVN-digraph 
We calculate Nf (s) = {(c, [0.1,0.4], [0.3, 0.5], [0.2,0.6]), (d, [0.1,0.4], [0.3, 0.5], 
(0.2, 0.4])} and Nf(w) = {(c, [0.2, 0.4], [0.1, 0.2], [0.1,0.3]), (d, [0.1,0.3], [0.1, 0.2], 
(0.2, 0.3])}. Therefore, Nf(s) NNf(w) = {(e, [0.1,0.4], [0.1,0.2], [0.2,0.6]), (d, 
(0.1, 0.3], [0.1,0.2], [0.2,0.4])}. Thus, tR(s, w) = 0.04, t%&(s, w) = 0.20, i5(s, 
w) = 0.04, i%(s, w) = 0.12, f$(s, w) = 0.04 and f(s, w) = 0.12. This graph 
is depicted in Fig. 12. 


3, 
1, 


s({0.4, 0.5], (0.5, 0.7], [0.8, 0.9]) w([0.6, 0.7], (0.4, 0.6], (0.2, 0.3]) 
e @ 





({0.04, 0.20], [0.04, 0.12], [0.04, 0.12]) 


a([0.2, 0.6], [0.3, 0.6], [0.2, 0.6]) b((0.2, 0.6], [0.1, 0.6], [0.2, 0.6]) 
e e 


e e 
c({0.2, 0.7], [0.3, 0.5], [0.2, 0.6]) d({0.2, 0.6], {0.3, 0.6], [0.2, 0.6]) 


FIGURE 12. 2-Step IVNC-graph 


If a predator s attacks one prey w, then the linkage is shown by an edge (s, w 
in an IVN-digraph. But, if predator needs help of many other mediators s1, 52, ..., 
Sm—1, then linkage among them is shown by interval-valued neutrosophic directed 
path Pm, in an IVN-digraph. So, m-step prey in an IVN-digraph is represented by 
a vertex which is the m-step out-neighbourhood of some vertices. Now, the strength 
of an IVNC-graphs is defined below. 


Definition 2.35. Let G = (A, B) be an IVN-digraph. Let w be a common ver- 
tex of m-step out-neighbourhoods of vertices s1, s2, ..., si. Also, let Bug ans 
at — = = os 
By(u2,v2),..., By(ur, vr) and By(u1,01), Bi (ue, v2), ..., By (ur, vr) be the mini- 
mum interval-valued truth-membership values, B3(u1,v1), B5(u2, v2),..., Bg(ur, vr) 


— = 
and By (ui, v1), By (ua, v2), ..., BY (ur, vr) be the minimum indeterminacy-membership 
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m m 
$1,w? $2,W? 


=> — — 
values, BE (ur, V1), Bl (ascg 3) ace Bas vy) and B3'(u1, v1), BY (ue, v2),..., BF (ur, 
v,) be the maximum false-membership values, of edges of the paths B 
respectively. The m-step prey w € X is strong prey if 


m 
"9" Sp,w? 


Bi acne > 0.5, Baa) > 0.5, BE (us,vs) < 0.5, 
— — — 
BY (ui,vi) > 0.5, Bo(ui,vi) > 0.5, By (us, vi) < 0.5, for alli =1,2,...,r. 


The strength of the prey w can be measured by the mapping S : X — [0,1], such 
that: 


S(w) - So Bl (u,v) + Bes) + WB us, v0] 


r | 4 é ; 
i=1 i=1 w=1 
rT — Tr — T > 
+ $0 [Be (ui, vi)] — SO1B3 (us, v:)] — SO EBS (us, v8)] p- 
i=1 i=1 i=1 
Example 2.36. Consider an IVN-digraph G = (A, B) as shown in Fig. 11, the 
strength of the prey c is equal to 


(0.2 + 0.2) + (0.6 + 0.4) + (0.1 + 0.1) + (0.6 + 0.2) — (0.2 + 0.1) — (0.3 + 0.3) 
2 


= 1.5 
> 0.5. 
Hence, c is strong 2-step prey. 

We state the following theorem without its proof. 


Theorem 2.37. If a prey w of G = (A, B) is strong, then the strength of w, 
S(w) > 0.5. 


Remark 2.38. The converse of the above theorem is not true, i.e. if S(w) > 0.5, 
then all preys may not be strong. This can be explained as: 
Let S(w) > 0.5 for a prey w in G. So, 


S(w) - SB (ui, ws) oP SBE (ui, vi) te Seb (ui, 2] 


+ (BR u,v) — PB ue) Boman} 


Hence, 


{Soils + (Bu, 0)) + PiBhw,) 
+ 1B, 00] — DB.) SB oan} ae 
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This result does not necessarily imply that 


Bt 


Blase) > 0.5, BiGiay) > 0.5, 3(U Ui, Ui) < 0.5, 
=> — 
By (ui,vi) > 0.5, By(u,vi) > 0.5, By (us, vi) < 0.5, for alli =1,2,...,r. 


= 


Since, all edges of the directed paths pm Zn bos pm are not strong. So, 


S1,w? S2,wr'to* Sp,w? 
the converse of the above statement is not true ie., if S(w) > 0.5, the prey w of 
may not be strong. Now, m-step interval-valued neutrosophic neighbouhood graphs 
are defines below. 


Definition 2.39. The m-step IVN-out-neighbourhood of vertex s of an IVN-digraph 
G =(A, B) is IVN-set 
Nmn(s) = (Xs, (#5, #2], [is 25], [Fs, f2]), where 

Xs = {w| there exists a directed interval-valued neutrosophic path of length m from 
stow, P™,}, t: Xs — (0, 1], %: Xs > [0, 1],  : Xs > (0, 1], i: X, > (0, 1, 
fi: Xs > [0, 1], f& : Xs — [0, 1], are defined by t, = min{t!'(si, sa), (s1, 82) is 
an edge of P™”,,}, t¢ = min{t"(s1, 52), ($1, 52) is an edge of P™ }, 2 = min{é!(s1, 
82), ($1, 82) is an edge of P%,,}, 77 = min{i"(s1, s2), (s1, $2) is an edge of P?’.,}, 
fi = min{f'(s1, 52), (81, 82) is an edge of P™,}, f% = min{f“(s1, s2), (si, $2) is an 
edge of P%".,, }, respectively. 

Definition 2.40. Suppose G = (A, B) is an IVN-graph. Then m-step interval- 
valued neutrosophic neighbouhood graph N,,(G) is defined by Nm(G) = (A, B) 
where A= ({Ai, Af}, [Ab, Ad], [A5, Ay]), B — ([Bi, By], [Bb, By, [BS By), 
BL: Xx X = [0,1], BY: Xx X > (0, 1], Bh: Xx X > [0,1], BY: X x X 3 (0, 
1), Bh: X x X = (0, 1], and BY: X x X > [0 = are such that: 


(0, 
Bi (s,w) = Aj(s) A Ai (w)hi (Nm(s) ONm(w)), 
B3(s,w) = Ad(s) A AS(w)h5(Nm(s) ONm(w)), 
B5(s,w) = Ak(s) A AS(w)hS(Nm(s) ANm(w)), 
BY (s,w) = Ai(s) A Ai(w)h} (Nin(s) VNm(w)), 
BY(s,w) = A¥(s) A A3(w)h3 (Nin(s) ONm(w)), 
BY(s,w) = A¥(s) A AY (w)h¥ (Nm(s) A Nm(w)), respectively. 


We state the following theorems without thier proofs. 
Theorem 2.41. Jf all preys of G = (A, B) are strong, then all edges of Cm(@) = 
(A, B) are strong. 

A relation is established between m-step IVNC-graph of an IVN-digraph and 
IVNC-graph of m-step IVN-digraph. 
Theorem 2.42. TG is an IVN-digraph and Gy», is the m-step IVN-digraph of G, 
then C(@m) = Cm(@). 
Theorem 2.43. Let G = (A, B) be an IVN-digraph. If m > |X| then Cm(@) = 


(A, B) has no edge. 
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Theorem 2.44. If all the edges of IVN-digraph oe (A, B) are independent strong, 
then all the edges of Cm(G) are independent strong. 


3. CONCLUSIONS 


Graph theory is an enjoyable playground for the research of proof techniques in 
discrete mathematics. There are many applications of graph theory in different fields. 
We have introduced IVNC-graphs and k-competition IVN-graphs, p-competition 
IVN-graphs and m-step IVNC-graphs as the generalized structures of IVNC-graphs. 
We have described interval-valued neutrosophic open and closed-neighbourhood. 
Also we have established some results related to them. We aim to extend our 
research work to (1) Interval-valued fuzzy rough graphs; (2) Interval-valued fuzzy 
rough hypergraphs, (3) Interval-valued fuzzy rough neutrosophic graphs, and (4) 
Decision support systems based on IVN-graphs. 


Acknowledgment: The authors are thankful to Editor-in-Chief and the referees 
for their valuable comments and suggestions. 
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